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ABSTRACT
Recent efforts to classify off-shell representations of supersymmetry without a central
charge have focused upon directed, supermultiplet graphs of hypercubic topology known
as Adinkras. These encodings of Super Poincare algebras, depict every generator of a cho-
sen supersymmetry as a node-pair transformtion between fermionic bosonic component
fields. This research thesis is a culmination of investigating novel diagrammatic sums of
gauge-quotients by supersymmetric images of other Adinkras, and the correlated build-
ing of field theoretic worldline Lagrangians to accommodate both classical and quantum
venues. We find Ref [40], that such gauge quotients do not yield other stand alone or
”proper” Adinkras as afore sighted, nor can they be decomposed into supermultiplet sums,
but are rather a connected ”Adinkraic network”. Their iteration, analogous to Weyl’s con-
struction for producing all finite-dimensional unitary representations in Lie algebras, sets
off chains of algebraic paradigms in discrete-graph and continuous-field variables, the links
of which feature distinct, supersymmetric Lagrangian templates. Collectively, these Adi-
ankraic series air new symbolic genera for equation to phase moments in Feynman path in-
tegrals. Guided in this light, we proceed by constructing Lagrangians actions for the N = 3
supermultiplet YI /(iDI X) for I = 1, 2, 3, where YI and X are standard, Salam-Strathdee su-
perfields: YI fermionic and X bosonic. The system, bilinear in the component fields exhibits
a total of thirteen free parameters, seven of which specify Zeeman-like coupling to exter-
nal background (magnetic) fluxes. All but special subsets of this parameter space describe
aperiodic oscillatory responses, some of which are found to be surprisingly controlled by
the golden ratio, ϕ ≈ 1.61803, Ref [52]. It is further determined that these Lagrangians
allow an N = 3 → 4 supersymmetric extension to the Chiral-Chiral and Chiral-twisted-
Chiral multiplet, while a subset admits two inequivalent such extensions. In a natural pro-
iii
gression, a continuum of observably and usefully inequivalent, finite-dimensional off-shell
representations of worldline N = 4 extended supersymmetry are explored, that are variate
from one another but in the value of a tuning parameter, Ref [53]. Their dynamics turns
out to be nontrivial already when restricting to just bilinear Lagrangians. In particular, we
find a 34-parameter family of bilinear Lagrangians that couple two differently tuned su-
permultiplets to each other and to external magnetic fluxes, where the explicit parameter
dependence is unremovable by any field redefinition and is therefore observable. This of-
fers the evaluation of X-phase sensitive, off-shell path integrals with promising correlations
to group product decompositions and to deriving source emergences of higher-order back-
ground flux-forms on 2-dimensional manifolds, the stacks of which comprise space-time
volumes. Application to nonlinear sigma models would naturally follow, having potential
use in M- and F- string theories.
iv
Maybe something goes here
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CHAPTER 1: INTRODUCTION
Recent efforts to classify off-shell representations of N -extended worldline supersymme-
try with no central charge[?, and references therein] Refs.[18,2,19,20,21,22,10,23,?]
developed a detailed classification of a huge class (∼ 1012 for N ≤ 32) of such super-
multiplets, wherein each supercharge maps each component field to precisely one other
component field or its derivative, and which are faithfully represented by graphs called
Adinkras; see also Refs.[3,4,5,6,7,8,9] for related work. Refs.[2,10] also provide rigor-
ous constructive theorems that relate Adinkras to standard superfield expressions, allowing
us to toggle easily and without much special notice between these representations.
Our motivation for focusing on worldline supersymmetry is threefold: (1) Supersym-
metry in all higher-dimensional spacetime always contains worldline supersymmetry by
way of dimensional reduction of spacetime to (proper or some coordinate) time. (2) The
underlying theoretical framework for the description of the dynamics of extended objects
such as M -theory includes worldline supersymmetry in a prominent way. Finally, (3) the
Hilbert space of any supersymmetric field theory necessarily admits the action of an in-
duced worldline supersymmetry. Any one of these theories would require off-shell fields
for a self-consistently quantum formulation, perhaps using Feynman-Hibbs path integrals,
which then provides our fundamental motivation for exploring the structure of off-shell
representations of N -extended worldline supersymmetry.
Unlike the well-developed representation theory of Lie algebras[11,12] and on-shell
representation theory of supersymmetry[13,14,15], classification and constructive algo-
rithms for off-shell supermultiplets are far from complete. In fact the basic techniques
of standard representation theory are incompatible with off-shell study: In all standard
representation theory, representations are eigenspaces of mutually commuting (even) ele-
1
ments of the algebra. Although the Hamiltonian is a central element of the simplest type
of supersymmetry algebra (1), which is contained in all others, off-shell representations
are expressly not eigenspaces of the Hamiltonian. To wit, any such eigenspace statement
would constitute a spacetime differential equation, derivable as an Euler-Lagrange equa-
tion, and so make the eigenspace an on-shell representation.
Herein, we solve a puzzle raised in Ref.[2], and show that this specifies a con-
struction of indefinitely many and ever larger supermultiplets of N -extended worldline
supersymmetry without central charges, for all N ≥ 3, using adinkraic (see below) off-
shell supermultiplets as building blocks. Conceptually, the construction is not unlike the
Weyl construction of all finite-dimensional unitary representations of classic Lie algebras
(by tensoring the fundamental representation and then projecting through Young sym-
metrizations), but relies instead solely on supersymmetric reductions of direct sums of
supermultiplets—something not possible with representations of Lie algebras. We focus
on N = 3 worldline supersymmetry for simplicity, and to disentangle the basic features of
the construction from the complications stemming from additional symmetries (gauge and
Lorentz) and structures (complex and hyper-complex). Nevertheless, our main results will
have straightforward generalizations to off-shell supermultiplets of all (N > 3)-extended
worldline supersymmetry.
In this chapter Adiankraic notations and conventions are reviewed and clarified, fol-
lowed by Chapter 2, in which a detailed analysis of the quotient supermultiplet, repre-
sentable in superfield notation as YI/(iDIX). The indefinite sequence of supermultiplets
constructed from Adinkras[2] in which YI/(iDIX) is then presented as the first nontrivial
example allowing the formulation of our 1st result. Chapter 3 then builds palettes from
a supersymetric Lagrangian generator, illustrating sample (nontrivial) dynamical actions,
including an unexpected result of controlled supersymmetric chaos. The chapter concludes
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by giving a natural extension to N = 4 supersymmetries by way of the chiral-chiral and the
chiral-twisted-chiral supermultiplet. Parallel to Feynman diagrams, Adinkras are a call to
mathematical ergonomics, if you will, in that they symbolize hundreds of off-shell tensor
equations. The interested reader is invited to Appendix A / B for technical explicitness of
the latter 2 chapters. Self contained, chapter 4 presents the supercharge continuum of off-
shell supermultiplets, illuminating the advantage of ”useful Adiankric inequivalency” and
its immediate relevance for the partition function in path integrals. Some impressions and
future directions are contained in Chapter 5, where the general machinery for assembling
Lagrangian ansatze for orders ¿ binary, is put into place. A survey of the closely related
topic of Adinkraic multiplication is given, which from an introduction to group product de-
compositions and the elements of worldsheet graduation is provided. Finally Appendix C is
flavour of a computational algebraic in the form of a Mathematica algorithm, specifically
written to tackle the symbolic processing, (internal) component field header manipula-
tions and the nested (anti)commutations of supercharge and super-derivative functional
operations. It’s appearance in the thesis is both, one in the interest of completeness, and
as a source marker for the priming of numerical algebraic geometry, which the candidate
has aspirations of bringing to life.
1.1 Worldline Supersymmetry
The simplest, nontrivial case for our purposes is worldline for (N = 3)-supersymmetry al-
gebra, where H = i∂τ is the worldline Hamiltonian.
{
QI , QJ
}
= 2δIJ H,
[
H , QI
]
= 0,
Q †I = QI , H
† = H,
 I, J = 1, 2, 3, (1.1.1)
3
From the superspace formalism we also have the superderivatives:
{
DI , DJ
}
= 2δIJ H,
[
H , DI
]
= 0,
D †I = −DI ,
{
QI , DJ
}
= 0,
 I, J = 1, 2, 3, (1.1.2)
and the relationships:
QI = iDI − 2iδIJθJ H, and DI = −iQI − 2δIJθJ H, (1.1.3)
where θI provide the fermionic extension to (space)time into superspace. Note, however,
that when applied on superfields (general functions over superspace), the DI act as left-
derivatives while the QI act as right-derivatives. Superfields are then used to represent
supermultiplets, and component fields may then be defined as the θI → 0 evaluation of
appropriately chosen superderivative superfield expression[17]. In fact, supersymmetry
transformation rules for the individual component fields may also be expressed using the
DI ’s:
QI(b) ≡ iDI B| and QI(f) ≡ −iDI F|, (1.1.4)
where B and F are appropriate superderivative superfield expressions defining the bosonic
and fermionic differential expressions b := B| and f := F|, respectively. Then, an off-shell
worldline supermultiplet is a collection of bosons and fermions
(
φ1(τ), . . . , φm(τ)
∣∣ψ1(τ), . . . , ψm′(τ)), m = m′, (1.1.5)
such that each superchargeQI transforms each boson into a linear combination of fermions
and/or their τ -derivatives and vice versa, and none of (φi(τ)|ψj(τ)) are required to satisfy
any differential equation that could be derived from some action as its classical equation
of motion.
4
1.2 Adinkras
Classification of Refs.[18,2,19,20,21,22,10,23,?] then focuses on supermultiplets
wherein each QI transforms every component field into precisely one other component
field or its τ -derivative. The worldline dimensional reductions of the best-known super-
multiplets are of this form, such as the chiral and (real) vector supermultiplets of N = 1
supersymmetry in d = 4 spacetime[17,24,25] and the twisted-chiral supermultiplets in
d = 2[26,27,28,29,30]. The Q-action is then unambiguously depicted by the graphs
called “Adinkras,” following the “dictionary” provided in table 1.1[21].
Table 1.1: Adinkraic Legend
Adinkra Q-Action Adinkra Q-Action
k
j
I QI
[
ψj
φk
]
=
[
i
.
φk
ψj
]
k
j
I QI
[
ψj
φk
]
=
[−i .φk
−ψj
]
j
k
I QI
[
φk
ψj
]
=
[ .
ψj
iφk
]
j
k
I QI
[
φk
ψj
]
=
[− .ψj
−iφk
]
The I-labeled edges may also be simply drawn in the I th color.
The efficiency of this graphical encoding of the Q-action becomes obvious already in
the following two examples of N=2 supermultiplets:
Q1 ϕ1 = χ1, Q2 ϕ1 = χ2,
Q1 ϕ2 = χ2, Q2 ϕ2 = −χ1,
Q1 χ1 = i
.
ϕ1, Q2 χ1 = −i .ϕ2,
Q1 χ2 = i
.
ϕ2,
ϕ1
χ1
ϕ2
χ2
Q2 χ2 = i
.
ϕ1,
(1.2.1)
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Q1 φ = ψ1, Q2 φ = ψ2,
Q1 ψ1 = i
.
φ, Q2 ψ1 = −iF,
Q1 ψ2 = iF, Q2 ψ2 = i
.
φ,
Q1 F =
.
ψ2, φ
ψ1 ψ2
F
Q2 F = −
.
ψ1,
(1.2.2)
The red (green) edges depict the action of Q1 (Q2), and it is fairly clear that a horizontal
repositioning of the nodes is irrelevant, while lowering the highest node in (1.2.2) pro-
duces a mapping from one to the other supermultiplet. Indeed, it is easy to see that the
equations
φ = ϕ1, F =
.
ϕ2, ψ1 = χ1, ψ2 = χ2, (1.2.3)
identify the supermultiplet (1.2.1) with (1.2.2). This isomorphism is however not local
since its inverse requires setting ϕ2(τ) =
∫ τ
τ0
dτ ′ F (τ ′), which depends on the values of
F (τ) globally over the full [τ0, τ ]-history of F (τ)—with a completely arbitrary lower limit,
τ0. The supermultiplets (1.2.1) and (1.2.2) must therefore be regarded as inequivalent—as
their Adinkras indeed show.
Wherever possible, we thus use Adinkras to depict the corresponding Q-action within
a supermultiplet rather than spell out all the equations, and will consequently also identify
the supermultiplet with the Adinkra that depicts it.
Other classification results obtained in Refs.[20,21,22,?] are less obvious: All Adinkras
depicting supermultiplets ofN -extended worldline supersymmetry must beN -dimensional
hypercubes or iterated Z2-projections thereof, where all the Z2-projections are encoded by
certain binary, error-detecting and error-correcting encryption codes. Ref.[22] reports
that the number of possible supermultiplets grows combinatorially with N , and expects
& 1012 inequivalent Adinkras for N ≤ 32—and that’s before taking into account the dis-
tinctions provided by the different height rearrangements of nodes.
6
Although these numbers are very large, they are finite. Furthermore, they imply that
no Adinkra has more than 2N nodes, for any fixed number of supercharges N , and so puts
an upper limit on the size of supermultiplets that are depictable by Adinkras. Since no
non-abelian Lie algebra has an upper limit on the size of its unitary finite-dimensional rep-
resentations, one expects the classification of Adinkras to be only a first step in classifying
off-shell supermultiplets.
1.3 Graph Theoretic Equations
Ref.[2] noted that the supersymmetric gauge-quotient
(
⊕
)/
= (1.3.1)
where an Adinkra (1.2.1) has been gauged away from a direct sum (general linear com-
bination) of two Adinkras (1.2.2) again has the structure of an Adinkra, the one depicted
on the right-hand side of (1.3.1); this follows unambiguously simply from counting the
degrees of freedom per engineering dimension, i.e., nodes per height.
Ref.[2] also noted that the same construction is not as easily resolved already for
N = 3. Counting of degrees of freedom now implies 3 (1|3|3|1) − (3|4|1|0) = (0|5|8|3),
which does not resolve if the gauge-quotient is
(
⊕ ⊕
)/
?
= ⊕ , or ?= ⊕
(1.3.2)
Gauge-quotients are most familiar in physics from electromagnetism, where the 4-vector
gauge potential is defined only up to the gauge transformation, Aµ ' Aµ + ∂µλ. The
7
Fourier transform of this indicates unambiguously that the component of Aµ along the
4-momentum of the photon, kµ, is an unphysical degree of freedom.
It is then more than a little peculiar that in the analogous gauge-quotient (1.3.2), the
result is not as evidently and as unambiguously determined, but this question has been left
open in Ref.[2], and has remained unanswered since then. Notably, the quotient (1.3.2)
is also but the first non-trivial step in an indefinite sequence of constructions; see the
display (8.28) in Ref.[2] and the displays (2.6.2) and (2.6.3), below.
8
CHAPTER 2: FORMAL STRUCTURE OF GAUGE-QUOTIENT
SUPERMULTIPLETS
To flesh out the details of the construction (1.3.2), we need to introduce the two supermul-
tiplets used therein (see appendix A), and we fix the number of supersymmetries at N = 3.
2.1 The Initial Framework
We will need a triple of intact fermionic supermultiplets as shown in figure 2.1, where
herein, “intact” referes to being “unconstrained, ungauged, unprojected and otherwise
unrestricted”.
Yk
Υk
3 Υk
2 Υk
1
Yk1 Yk2 Yk3
ηk
or simply
Figure 2.1: The kth Fermionic Intact Supermultiplet
9
Here k = 1, 2, 3 counts the three copies at the left-hand side of (1.3.2), from which
the Q-action equations are formulated as:
Yk :
ηk Yk1 Yk2 Yk3 Υk
1 Υk
2 Υk
3 Yk
Q1: iYk1
.
ηk Υk
3 −Υk2 iYk −i
.
Yk3 i
.
Yk2
.
Υk
1
Q2: iYk2 −Υk3 .ηk Υk1 i
.
Yk3 iYk −i
.
Yk1
.
Υk
2
Q3: iYk3 Υk
2 −Υk1 .ηk −i
.
Yk2 i
.
Yk1 iYk
.
Υk
3
(2.1.1)
This supermultiplet is that encoded by the fermionic superfield, Yk, originally introduced
by Salam and Strathdee[31], routinely used in supersymmetry texts[17,32,24,25]. We
also need the 2nd supermultiplet shown in figure 2.2, an superderivative (iDIX) of an intact
bosonic superfield, X, and the compliment, graphical equations that directly follow.
Λ
L3 L2 L1 L0
λ1 λ2 λ3
or simply
Figure 2.2: Supermultiplet For A Bosonic Intact Superfield
LI ≡ iDIX :
λ1 λ2 λ3 L
0 L1 L2 L3 Λ
Q1: iL
0 −iL3 iL2 .λ1 Λ
.
λ3 −
.
λ2 i
.
L1
Q2: iL
3 iL0 −iL1 .λ2 −
.
λ3 Λ
.
λ1 i
.
L2
Q3: −iL2 iL1 iL0
.
λ3
.
λ2 −
.
λ1 Λ i
.
L3
(2.1.2)
10
Armed with the transformations (2.1.1) and (2.1.2) and the corresponding superfield
notation and calculus[17,32,24,25], we are now in the position to compute
cok
(
X
iDI
↪→ YI
)
=
(
YI
/
iDIX
)
, i .e., YI ' YI + LI , or δYI = LI := iDIX. (2.1.3)
where we have identified the values of k = 1, 2, 3 with the values of I = 1, 2, 3. The
component fields (4 bosons + 4 fermions) of the supermultiplet LI := (iDIX) are thus
identified as the gauge parameters that can be used to eliminate some of the (linear com-
binations of the) 12 + 12 component fields in YI . Notice the similarity between (2.1.3)
and Aµ ' Aµ + ∂µλ in electromagnetism. The component-level content of the gauge trans-
formation δYI = LI is shown in table 2.1, along with the superderivatives used in the
component projections.
Table 2.1: Gauge Transformation Components δYI = LI
Proj.: δY1 = L1 δY2 = L2 δY3 = L3
1l: δη1 = λ1 δη2 = λ2 δη3 = λ3
−D1: δY11 = L0 δY21 =−L3 δY31 = L2
−D2: δY12 = L3 δY22 = L0 δY32 =−L1
−D3: δY13 =−L2 δY23 = L1 δY33 = L0
Proj.: δY1 = L1 δY2 = L2 δY3 = L3
− iD1D2: δΥ13 =−
.
λ2 δΥ2
3 =
.
λ1 δΥ3
3 =−Λ
iD1D3: δΥ1
2 =
.
λ3 δΥ2
2 =−Λ δΥ32 =−
.
λ1
−iD2D3: δΥ11 =−Λ δΥ21 =−
.
λ3 δΥ3
1 =
.
λ2
iD1D2D3: δY1 =−
.
L1 δY2 =−
.
L2 δY3 =−
.
L3
The entries in the 1l-row offer no freedom of choice in eliminations. The gauge-
quotienting identifies fermions in a way that reminds of the similar identification used in
Ref.[33]. However, that analysis begins with fermion identifications, whereas component
field identifications here emerges as a consequence of gauge-quotienting. This connects
the two approaches and may well permit an extension of the present analysis also to non-
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linear representations of supersymmetry; we thank the Referee for pointing this out.
λI = −ηI , whereby ηI ' 0. (2.1.4)
This eliminates the lowest component fermions from the YI/LI gauge equivalence class.
Applying this gauge also fixes all the “off-diagonal” higher-level fermions to appear only in
the binomials:
Υ1
2 7→ (Υ12− .η3) =: Υ¯12, Υ13 7→ (Υ13+ .η2) =: Υ¯13, (2.1.5a)
Υ2
3 7→ (Υ23− .η1) =: Υ¯23, Υ21 7→ (Υ21+ .η3) =: Υ¯21, (2.1.5b)
Υ3
1 7→ (Υ31− .η2) =: Υ¯31, Υ32 7→ (Υ32+ .η1) =: Υ¯32. (2.1.5c)
This (intermediate) field redefinition reduces the components of (YI/LI) to the nine fermions

(Υ1
1−Λ) Υ¯12 Υ¯13
Υ¯2
1 (Υ2
2−Λ) Υ¯23
Υ¯3
1 Υ¯3
2 (Υ3
3−Λ)
 (2.1.6)
and twelve bosons:

(Y11+L
0) (Y21−L3) (Y31+L2)
(Y12+L
3) (Y22+L
0) (Y32−L1)
(Y13−L2) (Y23+L1) (Y33+L0)

∣∣∣∣∣∣∣∣∣∣∣

(Y1−
.
L1)
(Y2−
.
L2)
(Y3−
.
L3)

 . (2.1.7)
We remain with a free choice of Λ, as well as L0, L1, L2, L3. These gauge parameters may
be used to eliminate one linear combination each:
Λ 7→
∑
I
`I
IΥI
I , L0 7→
∑
I
`IIYII , L
I 7→
∑
I 6=J 6=K 6=I
`IJKYJK . (2.1.8)
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Among this continuum of gauge-choices, we focus on those that are most likely to simplify
the supersymmetry transformation rules within the resulting gauge-quotient representa-
tive.
2.2 Gauge Choices and Optimum Binomial Forms
One such gauge-choice,
Λ = Υ3
3, L0 = −Y33, L1 = +Y32, L2 = −Y31 and L3 = +Y21 (2.2.1)
and the particular accompanying field redefinitions, constrained by locality and the engi-
neering dimensions (A.0.9)
=Υ1
1 := Υ11−Υ33, =Υ22 := Υ22−Υ33, =Υ13 := Υ13+Υ31, =Υ23 := Υ23+Υ32; (2.2.2a)
=Υ1
2 := Υ12− .η3, =Υ21 := Υ21+ .η3, =Υ31 := Υ31− .η2, =Υ32 := Υ32+ .η1; (2.2.2b)
=Y11 := Y11−Y33, =Y12 := Y12+Y21, =Y13 := Y13+Y31, =Y23 := Y23+Y32, (2.2.2c)
=Y22 := Y22−Y33, =Y1 := Y1−
.
Y32, =Y2 := Y2+
.
Y31, =Y3 := Y3−
.
Y21 (2.2.2d)
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jointly lead to the following set of equations:
Q1 Q2 Q3
=Υ1
1 i=Y1 i
.
=Y 13 −i
.
=Y 12−i=Y3
=Υ2
2 −i .=Y 23 i=Y2 −i=Y3
=Υ1
2 −i .=Y 13 i=Y1 i
.
=Y 11
=Υ2
1 i=Y2 i
.
=Y 23 −i
.
=Y 22
=Υ1
3 i
.
=Y 12+i=Y3 −i
.
=Y 11 i=Y1
=Υ3
1 i=Y3 −i
.
=Y 22 −i
.
=Y 23
=Υ2
3 i
.
=Y 22 i=Y3 i=Y2
=Υ3
2 i
.
=Y 11 i
.
=Y 12+i=Y3 i
.
=Y 13
Q1 Q2 Q3
=Y11 =Υ3
2 −=Υ13 =Υ12
=Y22 =Υ2
3 −=Υ31 −=Υ21
=Y12 =Υ1
3−=Υ31 =Υ32−=Υ23 −=Υ11+=Υ22
=Y13 −=Υ12 =Υ11 =Υ32
=Y23 −=Υ22 =Υ21 −=Υ31
=Y1
.
=Υ1
1
.
=Υ1
2
.
=Υ1
3
=Y2
.
=Υ2
1
.
=Υ2
2
.
=Υ2
3
=Y3
.
=Υ3
1
.
=Υ2
3 − .=Υ22
(2.2.3)
This transformation algebra requires no further simplification as row-operations in the left-
hand half of the table (2.2.3) imply field substitutions in the right-hand half. For example,
adding the =Υ31-row to the =Υ13-row so as to cancel out the i=Y3 entry in Q1(=Υ13) would force
a field redefinition:
=Υ1
3 7→ Υ˜13 := (=Υ13−=Υ31), and so then =Υ13 7→ Υ˜13 + =Υ31, (2.2.4)
which then must be substituted throughout the right-hand half of table (2.2.3). While
this eliminates the one binomial entry in Q1(=Υ13) as well as the one in Q1(=Y12), it creates
binomial entries for Q2(=Υ13) and Q3(=Υ13), as well as in Q2(=Y11) and Q3(=Y1). The net effect
then is a basis of component fields for which system of Q-transformations in YI/(iDIX) is
more rather than less complicated. In this, practical sense is the component field basis,
YI/(iDIX) :
{
=Y11,=Y22,=Y12,=Y13,=Y23
∣∣ =Υ11, =Υ22, =Υ12, =Υ21, =Υ13, =Υ31, =Υ23, =Υ32 ∣∣ =Y1, =Y2, =Y3 }
(2.2.5)
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an optimal choice.
The resultant expressions of (2.2.3) are depicted in figure 3.1, akin to an Adinkra.
=Y13 =Y11 =Y12 =Y22 =Y23
=Υ1
1 =Υ1
2 =Υ3
2 =Υ1
3 =Υ2
3 =Υ2
2 =Υ3
1 =Υ2
1
=Y1 =Y3 =Y2
Figure 2.3: An Adinkraic Gauge-Quotient Supermultiplet YI/(iDIX)
This depiction contains a novel graphic element as compared to the by now standard
Adinkra elements in table 1.1: tapering edges. These reflect the “one-way” nature of the
depicted Q-action, where for example Q1(=Y12) ⊃ =Υ31, but Q1(=Υ31) 6⊃
.
=Y 12. This type of
“one-way” (partial) Q-action, shown in (2.2.3) using pale blue ink, was noted in unrelated
studies only in rather more complicated supermultiplets[34,35].
2.3 Alternative Gauge-Choices and Q-Logic
The continuous palette of gauge-choices (2.1.8) parametrizes a continuous family of com-
ponent field bases, and the optimizing experimentations (2.2.1)–(2.2.5) leading to the
graph in figure 3.1 clearly reaffirm that some basis choices are much more optimal than
others.
Fortunately, a similarly detailed exploration of the continuously many remaining gauge-
choices (2.1.8) turns out to be unnecessary in addressing the two main questions:
1. Is there a gauge-choice that splitsYI/(iDIX) into a direct sum of two Adinkras (1.3.2)?
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2. Is there a gauge-choice whereinYI/(iDIX) = (4|4|0)⊕−→(1|4|3), i.e., whereinYI/(iDIX)
exhibits the structure of a (4|4|0)- and a (1|4|3)-component Adinkra connected by
one-way Q-action indicated by the under-arrow in “⊕−→”?
To this end, it actually suffices to explore QI(YJ). For example,consider the diagram-
matic logic junction, obtained by employing the gauge-choice Λ = Υ33, (L0, L1, L2, L3) =
(−Y22,−Y23,−Y31,−Y12), where Υ˜kI and Y˜k redefine these component fields so as to mini-
mize the number of edges in (2.3.1).
Υ˜1
1 Υ˜1
2 Υ˜1
3 Υ˜2
1 Υ˜2
2 Υ˜2
3 Υ˜3
1 Υ˜3
2
Y˜1 Y˜3 Y˜2
(2.3.1)
The edges are all drawn tapering to indicate that the “reverse” supersymmetry trans-
formations from QI(Υ˜JK) are not shown—nor do they need to be computed. The partial
graph (2.3.1) already shows that YI/(iDIX) in this gauge-choice cannot separate so as
to permit a direct sum decomposition for question 1. Answering question 2 in turn, four
of the fermions should have been omitted in the results of QI(Y˜J) for a (4|4|0)⊕−→(1|4|3)
structure, but not one is so omitted.
There remains the logical possibility of gauge-choices wherein the otherwise proper
(4|4|0)- and (1|4|3)-node Adinkras are connected only by one-way transformations. This
could include cases where the one-way Q-action is directed only downward, or maybe in
both directions, just not in the YI → ΥIJ direction checked by (2.3.1). To eliminate these
as well as the cases in which the otherwise proper (3|4|1)- and (2|4|2)-node Adinkras are
connected differently than in (3.1), symbolically denoted as
(4|4|0)←−⊕(1|4|3), (4|4|0)←−⊕−→(1|4|3), (3|4|1)
←−⊕(2|4|2), (3|4|1)←−⊕−→(2|4|2), (2.3.2)
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where one must additionally also compute the QI(YJK) transformations and perhaps a
few of the QI(ΥJK) transformations. This analysis is still simpler than computing the
transformations depending on the numerous and continuous `-coefficients from (2.1.8),
and reaffirms the conclusion that the gauge-quotient YI/(iDIX) does not decompose, and
does include one-way Q-action in every possible gauge-choice.
2.4 The Core Results and Theorems
All by itself, the particular example (2.1.3)–(2.2.5) may be thought of as fairly un-
remarkable, and especially so from the point of view of any possible immediate physics
application:(1) The number (N = 3) of worldline supersymmetries does not relate to super-
symmetry in higher-dimensional spacetimes other than some worldsheet models[36,37],
and in particular cannot be extended to the most interesting physics applications, in 1+3-
dimensional (or larger) spacetime. (2) The gauge-equivalence class YI/(iDIX) itself does
not, to the best of our knowledge, appear in any of the known physics models. Neverthe-
less, the particular example (2.1.3)–(2.2.5) turns out to be the simplest in an indefinite
sequence of such ever larger gauge-equivalence quotients, and exhibits the properties dis-
cussed above, which we now argue are completely generic for N ≥ 3.
2.5 An Indefinite Sequence of Representations
To this end, we must recall a completely general construction proposed in Ref.[2], and
aided by a concept precisely defined in appendix B of Ref.[22]:
Definition 2.5.1 A strict homomorphism of off-shell supermultiplets is a supersymmetry-
preserving linear map µ : M1 → M2, such that the quotient M2/µ(M1) = cok(µ) is also
an off-shell supermultiplet.
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The gauge-equivalence (2.1.3) indeed defines an off-shell supermultiplet, and has been ob-
tained as the quotient of the supermultiplet YI given in (2.1.1) and depicted in figure 2.1,
by (the imbedding of) the supermultiplet LI := (iDIX) given in (2.1.2) and depicted in
figure 2.2. In this precise sense, we identify the graph-theoretic, quotient relation:
 ⊕ ⊕

/
= (2.5.1)
Reflecting the several steps in the procedure (2.1.4)–(2.2.3), level by level and starting
from the lowest one, the (3|4|1) nodes in the Adinkra to the right of the “/” are used to
gauge away 3, then 4 and finally one node from the direct sum of three (1|3|3|1)-Adinkras
within the parentheses. The result on the right-hand side of the equality then clearly has
no node in the bottom level, and has its (5|8|3) nodes start at the next-to-lowest level.
2.6 Iterations
This implies how to continue the iteration sequence with the next link depicted by
 ⊕ ⊕ ⊕ ⊕

/
(2.6.1)
the result of which will again have no node at the bottom level, and will have its (7|12|5)
nodes starting at the next-to-lowest level. The classification of Refs.[20,21,22,?] proves
that this cannot be an Adinkra of N = 3 worldline supersymmetry: it has more than 23 = 8
nodes. Given the computations (2.1.4)–(2.2.3), it is evident in turn that this next order
gauge-quotient supermultiplet will again be depictable as a connected network of now
three otherwise proper N = 3 Adinkras—much as YI/(iDIX) is a connected network of
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two otherwise proper N = 3 Adinkras.
This newly-minted (7|12|5)-component supermultiplet is then used to gauge away
7+12+5 component fields from the direct sum of seven (1|3|3|1)-component supermul-
tiplets leaving behind a (0|9|16|7)-component gauge-quotient supermultiplet depictable as
a connected network of five otherwise proper N = 3 Adinkras, and so on and so forth.
This iteration precisely matches the exact semi-infinite sequence (8.28) in Ref.[2]:
=
?
?
(0|3|4|1) = (2.1.2)
(1|3|3|1) (3|9|9|3) (5|15|15|5)
(0|5|8|3) = (2.2.3)
etc.
etc.
ι0 D
(1)
I D
(3)
J
I D(5)K J
ι0
DI ι1
DJ I
ι2
DKJ
(2.6.2)
where “?” represents the single constant (“zero-mode”) annihilated by the DI-map, and
the consecutive application of every two D-maps vanishes: D(3)J I ◦D(1)I = 0, D(5)K J ◦D(3)J I = 0,
and so on; see Ref.[2] for details. Substituting the Adinkras and the Adinkra-like diagram
from figure 3.1 gives,
=
?
?
etc.
(2.6.1)
ι0 D
(1)
I D
(3)
J
I D(5)K J
ι0
D(1)I ι1
D(2)J
I ι2
D(3)K
J
= figure 3.1
(2.6.3)
Herein, all maps except D(1)I are supersymmetry-preserving strict homomorphisms of off-
shell supermultiplets, so that the Q-action in their domain is properly mapped to the Q-
action in their target. Also, the quotient (2.6.1) fits as the target of the D(5)K J , the system of
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linear superderivative operators that has been precisely identified in Ref.[2].
Furthermore, the double-barbed arrows (“”) all denote surjections, which map to
every nonzero element in their target some nonzero element from their domain; the hook-
arrows (“↪→”) all denote injections, which map every nonzero element of their domain
to some nonzero element in their target. In fact, the latter maps are all supersymmetry-
preserving inclusions, which are all defined akin to the procedure that resulted in table 2.1:
Construction 2.6.1 Given two supermultiplets represented by their superfield systems M1
and M2, the cokernel of the supersymmetry-preserving map M1
µ−→ M2 is constructed by
mapping the like components, obtained by projecting like superderivatives to θI → 0
[D[I1 · · ·DIp]]
(
M2 + µ(M1)
)∣∣ = [D[I1 · · ·DIp]]M2|+ [D[I1 · · ·DIp]]µ(M1)|, p = 0 · · ·N,
(2.6.4)
and using component fields of µ(M1) to gauge away linear combinations of component fields of
M2 and is identified with the “gauge-quotient,” M2/µ(M1). In turn, the kernel of µ consists
of elements of M1 that are annihilated by the mapping M1
µ−→M2.
For the case (2.5.1), M2 = {Y1,Y2,Y3}, M1 = X and µ = iDI; notice that {QI , µ} = 0.
The Reader familiar with the 4-dimensional supersymmetry literature will recognize
that this provides a formal generalization of the two well-known cases of:
1. The “chiral superfield” Φ is an example of the kernel-construction. The superderiva-
tive D¯ .α maps and intact superfield to a spin-doublet of fermionic superfields: E
D¯−→
F .α := (D¯ .αE), and the chiral superfield is defined as the sub-supermultiplet of an
intact superfield which is annihilated in this mapping, Φ ⊂ E : D¯ .αΦ = 0.
2. The “vector superfield” in the Wess-Zumino gauge is a representative of the cokernel-
construction. It is defined to consist of those components of the Hermitian superfield
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V = V† that remain after setting V ' V + i(Λ − Λ†), where D¯ .αΛ = 0, and using
components of i(Λ−Λ†) to gauge away (cancel, eliminate) components of V.
The fact that all maps in the zig-zag sequences (2.6.2)–(2.6.3) are constructed using
only simple inclusions (2.6.4) and superderivative operators guarantees that they preserve
the Q-action since {QI ,DJ} = 0. By construction, the (increasing numbers of) intact
supermultiplets inserted in the middle of these sequences are all off-shell. These two
facts guarantee that the supermultiplets obtained in the peaks and valleys of these zig-zag
sequences are also all off-shell.
2.7 Reduction
The one-way connectivity in the Adinkra-like graphical rendition in figure 3.1 implies
that the supermultiplet YI/(iDIX) can be reduced to a smaller supermultiplet, although it
does not decompose into a direct sum of supermultiplets. (By contrast, if a unitary finite-
dimensional representation of a classic Lie algebra reduces, it necessarily decomposes into
a direct sum.)
Consider setting any one of the component fields in figure 3.1 to zero, say =Y13 → 0.
Since Q1(=Y13) = −=Υ12 and Q1(=Υ12) = −=Y13, the consistency of the Q-action implies that
we must also set =Υ12 → 0. Proceeding in this way, it is clear that we can set to zero only
a complete Q-orbit, i.e., all component fields that can be reached one from another by
Q-action.
For example, consider constraining all the left-hand side component fields in figure 3.1
to zero but not the right-hand side ones. Such a constraint is not compatible with the Q-
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action since, for example:
Q1( =Y12︸︷︷︸
→0
) = =Υ1
3︸︷︷︸
→0
− =Υ31︸︷︷︸
6→0
⇒ Q1(0) 6= 0, inconsistent. (2.7.1)
On the other hand, since supersymmetry does close on the right-hand half of the compo-
nent fields in figure 3.1, it is consistent to constrain
κ : =Y22 = =Y23 = 0 = =Y2 = =Y3, =Υ21 = =Υ22 = =Υ23 = =Υ31 = 0, (2.7.2)
in the (2|4|2)-component right-hand half of the quotient as depicted in figure 3.1. The
Q-action of the (3|4|1)-component left-hand half then remains a complete supermultiplet,
whereby YI/(iDIX) has indeed been reduced (by constraining) to this smaller supermulti-
plet.
The asymmetry in the supermultiplet (2.2.3)—the fact that the component fields (2.7.2)
can be constrained to zero consistently and independently whereas the complementary
left-hand half of the component fields in figure 3.1 cannot—clearly stems from the fact
that all Q-action across the partition in figure 3.1 is only one-way and only left-to-right. It
is a general fact that if C is the extension of the algebraic structure B by A, so A ↪→ C  B,
then C = A ⊕ B if and only if the surjection C  B has an inverse and A ↪→ C ↪ →B,
whereby both A and B are proper algebraic sub-structures of C. The fact that the right-
hand half of the supermultiplet in figure 3.1 is not a proper sub-supermultiplet (2.2.3)
then implies that the supermultiplet (2.2.3) is not so decomposable.
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In fact, the constraint (2.7.2) then provides an inclusion of the (3|4|1)-component
sub-supermultiplet in the (5|8|3)-component gauge-quotient (2.5.1), and defines
A B
κ
(2.7.2)
(2.7.3)
which also proves that [YI/(iDIX)]/A = B:


/
= (2.7.4)
so that the supermultiplet (2.2.3) may itself be both constrained (2.7.2) so as to re-
duce to a sub-supermultiplet shown at the far left of (2.7.3), as well as further gauge-
quotiented (2.7.4). One says that the (5|8|3)-component supermultiplet (2.2.3) is an exten-
sion of the (2|4|2)-component Adinkra supermultiplet B by the (3|4|1)-component Adinkra
supermultiplet A. (Having spelled out the details of such a quotient above (2.1.1)–(2.2.3),
the Adinkra display (2.7.4) should suffice here.)
Whereas we have in the foregoing analyzed in detail only the particular gauge quo-
tient (2.5.1), the zig-zag sequence (2.6.3) makes it clear that this is but the first non
Adinkra supermultiplet appearing in this sequence. It is fairly evident that in fact all su-
permultiplets subsequently constructed in this sequence (and that appear in the zig-zag
peaks and valleys) are not proper Adinkras and so are not limited by the classification the-
orems of Refs.[19,21,22,?]. Furthermore, whereas Ref.[2] explicitly shows that in the
analogous sequence for N = 2 all supermultiplets are Adinkras, it is clear that the super-
multiplets constructed by the analogous sequences for all N > 2 will not be Adinkras, just
as the one in figure 3.1 is not. We thus conclude:
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Theorem 2.7.1 (Main Result) The semi-infinite sequence of direct sums of an indefinitely
growing number of intact supermultiplets (Adinkras Ek), such as the horizontal sequence
in (2.6.3), may be resolved into a zig-zag sequence as shown in (2.6.3). This zigzag sequence
then constructs the supermultiplets that appear in the zig-zag peaks and valleys, i.e., the end-
points in the “Ak
µk
↪→ ⊕kEk  Bk”-form three-part segments, so-called “short exact sequences,”
and where the maps µk are defined as in construction 2.6.1.
More explicitly, this defines a sequence of supermultiplets:
Ak :=
{⊕k Ek : µk(⊕kEk) = 0} and Bk := {⊕k Ek ' ⊕kEk + µk(⊕kEk)} (2.7.5)
1. indefinite in number ( k = 1, 3, 5, . . . ),
2. indefinitely growing in size ( = number of component fields, i.e., nodes),
3. depictable as connected networks of Adinkras.
Alternatively, this says that direct sums of intact Adinkras may be reduced to supermul-
tiplets that are depicted by connected networks of Adinkras that do not themselves de-
compose into a direct sum of Adinkras—which are certainly not intact. This result is in
contradistinction to the corresponding situation in the representation theory of classic Lie
algebras, where direct sums of irreducible representations do not reduce in any other way.
2.8 Summation
Adinkras depict supermultiplets ofN -extended worldline supersymmetry without cen-
tral charges and are restricted to have the (chromo-)topology of N -cubes or their k-fold
quotients by certain Z2-reflections[?]. In particular, this means that all such supermulti-
plets have 2N−k component fields: one half bosons, the other half fermions.
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Herein, we have shown that direct sums of intact Adinkras (figure 2.1) may be re-
duced by means of gauging away another Adinkra (figure 2.2), producing supermultiplets
(figure 3.1) that:
1. do not decompose into a direct sum of Adinkras;
2. are themselves not depictable by a proper Adinkra[?];
see also Refs.[18,2,19,20,21,22,10,23];
3. are not limited in size: see (2.6.1), the sequence (2.6.3), and theorem 2.7.1;
4. are depicted as connected networks of otherwise proper Adinkras (2.7.3).
While we have examined in detail the construction that starts with directs sums of a grow-
ing number of intact Adinkras, it is clear that the construction is straightforward to gen-
eralize so as to use all other types of Adinkras instead of the intact ones. The precise
conditions under which this can be done are however beyond our present scope.
In the constructions leading to theorem 2.7.1 and in the developing a comprehensive
off-shell representation theory of supersymmetry, Adinkras play the role somewhat akin
to the role that single boxes within Young tableaux play in depicting the fundamental
representation in Lie algebras; see table 2.2.
As single boxes are assembled according to specific rules to yield the Young tableaux
for irreducible representations of classic Lie algebras, Adinkras can be connected by one-
way edges, depicting one-way Q-action into networks that are indecomposable represen-
tations of the N -extended supersymmetry algebra on the worldline. Figure 3.1 provides
the simplest such example and (2.6.3) provides an indefinite sequence of ever larger such
examples.
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Table 2.2: Young Tableaux Irreducible Representations of Classic Lie Algebras
Lie algebra irrreps
(Weyl construction)
Off-shell supermultiplets
Starting object(s)
and their depiction
fundamental irrep ( ) Adinkras ( & & · · · )
Combining operator ⊗ ⊕
Reduction methods Young symmetrization,
traces w/inv. tensors
Construction 2.6.1: ker(µ) and
cok(µ) of supersymmetric maps
Resulting objects
and their depiction
arbitrarily large irreps,
& their Young tableaux
(1-quadrant graphs)
networks of otherwise proper
Adinkras, connected by
one-way Q-action edges
In fact, the analogy with the construction of representations of classical Lie algebras
can be made even more obvious, by noting that, for example:
su(3) : 3⊗3	 3∗ = 6, 3⊗3∗ 	 1 = 8, etc. (2.8.1)
construct the representations 6 (reps. 8) from a direct product of 3 and 3 (reps. 3 and 3∗)
by subtracting a 3∗ (reps. 1). Instead of this subtraction (which is not possible in super-
symmetry), Construction 2.6.1 “subtracts” degrees of freedom by constructing a quotient
with respect to a supersymmetric map (2.1.3). Also, Construction 2.6.1 uses ⊕ in place of
the ⊗ in the equations (2.8.1).
As shown in (2.7.2)–(2.7.4), the supermultiplet depicted in figure 3.1 does not decom-
pose, but it does reduce: one “half” of it may be isolated by constraining (2.7.2), the other
“half” by gauging (2.7.4), but the supermultiplet cannot be decomposed into a direct sum
of two independent supermultiplets. We expect such reductions in larger supermultiplets
of this kind, such as (2.6.1), to also be possible, but be more and more complicated.
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Finally, on dimensional grounds, a nontrivial Lagrangian—if it exists—for the super-
multiplet depicted in figure 3.1 and using the basis (2.2.5) may be written in the form
L = Ak`,IJ
.
=Y kI
.
=Y `J + A
k`,I
.
=Y kI =Y` + Ak`IJ
.
=Υk
I =Υ`
J + Ak` =Yk =Y`
+Bk`,IJ =YkI
.
=Y `J +B
k`,I =YkI =Y` +Bk`IJ =ΥkI =Υ`J + Ck`,IJ =YkI =Y`J + Dk =Yk.
(2.8.2)
The A,- B- and C-coefficients are determined by requiring that IQI(L) = I
.
KI , where
KI are some functional expressions of the component fields (2.2.5). In principle, this
requirement may reduce the nonlinear terms in (2.8.2) to a total time-derivative. The
verification that nontrivial choices of coefficients in (2.8.2) do exist, their concrete choice
and interpretation in any particular model is however outside our present scope. In turn,
the D-coefficients remain arbitrary since QI(=Yk) are all total τ -derivatives; see (2.2.3).
We reiterate that out focus on N = 3 worldline supersymmetry is solely for simplic-
ity. This disentangles the basic features of the construction as itemized and summarized
above, from the added technical detail and complexity stemming from additional symme-
tries, such as gauge and Lorentz symmetries, and additional (complex, hyper-complex and
other) structures.
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CHAPTER 3: SUSY ACTIONS AND DYNAMICS
Systematic construction and exploration of off-shell supermultiplets has received a signif-
icant boost from focusing on dimensional reduction to worldline N -extended supersym-
metry (see e.g., Refs[38,39,3,4,5,18,7,2,8,19,10,?,40,41]). The dimensional extension of
these to higher-dimensional spacetimes is being actively investigated[42,43,36,37,44],
and has already produced new off-shell supermultiplets in higher-dimensional spacetime,
such as finite-dimensional off-shell realizations of the Fayet “hypermultiplet”[45], which
in turn is crucial in studies of T -duality in superstring and similar theories[46,47,48]. In
addition, the underlying theoretical framework for M -theory includes worldline supersym-
metry in a prominent way. Finally, the Hilbert space of every supersymmetric field theory
necessarily admits the action of an induced worldline supersymmetry. Consistent quan-
tum formulation of any such theory requires off-shell fields for path integration, and this
provides the fundamental motivation for exploring the structure of off-shell representa-
tions of N -extended worldline supersymmetry. Resolving a puzzle from Ref.[2], we have
proven[40] that a semi-infinite iterative sequence of off-shell supermultiplet quotients
produces infinitely many ever larger indecomposable off-shell supermultiplets of worldline
N > 3 supersymmetry. Herein, we focus on the smallest of these novel, indecomposable
off-shell supermultiplets, for N = 3 supersymmetry and with 5 + 8 + 3 component fields
(φi|ψkˆ|Fm), and the supersymmetric transformation equations specified (adapting the no-
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tation from Ref.[40])as
Q1 Q2 Q3
φ1 ψ1 ψ2 ψ3
φ2 ψ3 −ψ4 −ψ1
φ3 ψ4−ψ7 ψ3−ψ5 −ψ2+ψ6
φ4 ψ5 −ψ7 −ψ8
φ5 −ψ6 ψ8 −ψ7
F1
.
ψ2 −
.
ψ1
.
ψ4
F2
.
ψ8
.
ψ6
.
ψ5
F3
.
ψ7
.
ψ5 −
.
ψ6
Q1 Q2 Q3
ψ1 i
.
φ1 −iF1 −i
.
φ2
ψ2 iF1 i
.
φ1 −i
.
φ3−iF3
ψ3 i
.
φ2 i
.
φ3+iF3 i
.
φ1
ψ4 i
.
φ3+iF3 −i
.
φ2 iF1
ψ5 i
.
φ4 iF3 iF2
ψ6 −i
.
φ5 iF2 −iF3
ψ7 iF3 −i
.
φ4 −i
.
φ5
ψ8 iF2 i
.
φ5 −i
.
φ4
(3.0.1)
which may be depicted by the graph in Figure 3.1: component fields are depicted by
like-labeled edges and the Q-transformation between them are depicted by edges, solid
(dashed) for positive (negative) signs in (3.0.1). Edge colors distinguish between Q1,
Q2 and Q3, and the tapered edges indicate a one-way Q-action; e.g., Q1(ψ4) ⊃ F3 but
Q1(F3) 6⊃ ψ4.
φ1 φ2 φ3 φ4 φ5
ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8
F1 F3 F2
Figure 3.1: Graphical Gauge-Quotient Supermultiplet
29
The supermultiplet (3.0.1) exhibits no obvious conventional symmetry nor does it sup-
port a complex structure, which helps identifying features that are dictated by supersym-
metry itself, unencumbered by consequences of any other symmetry or structure. Ref.[40]
showed that this supermultiplet cannot be decomposed into a direct sum of smaller super-
multiplets, although it may be reduced by setting one half of it to zero—but only the fields
in the right-hand half of Figure 3.1. This type of indecomposable reducibilityturns out to
be ubiquitous in the indefinite sequence of ever-larger supermultiplets of Ref.[40], and
persists to higher-dimensional spacetimes[34].This is radically different from represen-
tations of Lie algebras, where reduction implies decomposition as a direct sum. Infinitely
many off-shell supermultiplets of which (3.0.1) is but the simplest example may be re-
duced by constraining some portion to zero, but do not decompose as a direct sum. Such
representations are therefore definitely “more than the sum of their parts.”
Throughout this article, we focus on the worldline N -extended supersymmetry alge-
bra with no central charge is
{
QI , QJ
}
= 2δIJ H,
[
H , QI
]
= 0,
Q †I = QI , H
† = H,
 I, J = 1, 2, · · · , N, (3.0.2)
were H = i∂τ . In Section 3, we present a 13-parameter family of bilinear supersymmetric
Lagrangians for the supermultiplet (3.0.1). A 7-parameter subset describes Zeeman-like
coupling to external magnetic fluxes, which includes regimes of chaotic response. Sec-
tion 5.1 generalizes this to an infinite-dimensional family of interactive (non-bilinear)
Lagrangians, all of which are supersymmetric by explicit construction. Section 3.6 then
explores enhancing worldline supersymmetry from N = 3 → 4 and its effects on the pos-
sible choices of a Lagrangian. Our closing comments are collected in the last section with
technical detail and rigorous derivations reserved for appendix B.
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3.1 Manifestly Supersymmetric Lagrangians
This section presents a class of Lagrangians for the supermultiplet (3.0.1) which are su-
persymmetric by construction, akin to the ones obtained by standard superfield meth-
ods[17,32,24,25]; see in particular Ref.[49].
3.2 The Kinetic Terms
Consider the quantity
L KE~A := Q3Q2Q1A
ikˆφiψkˆ (3.2.1)
with Aikˆ an arbitrary 5× 8 = 40 matrix of coefficients. It is manifestly supersymmetric
regardless of the choice of the coefficients Aikˆ, since QIL KE~A is a total time-derivative for
each I = 1, 2, 3:
QI
[
Q3Q2Q1A
ikˆφiψkˆ
]
= ∂τ
[
(−1)I+1i
∏
J 6=I
QJ A
ikˆφiψkˆ
]
. (3.2.2)
Being true for any choice of Aikˆ, this construction seems to provide a 40-parameter fam-
ily of manifestly supersymmetric Lagrangian terms, analogous to the so-called “D-terms”
within the standard constructions with simple supersymmetry in 4-dimensional space-
time[17,32,24,25].
The Lagrangian terms (3.2.1) are dimensionally adequate for kinetic terms in a La-
grangian if we choose the standard mass-dimension for the component fields:
[φi] = −12 ⇒ [ψkˆ] = 0 and [Fm] = +12 , (3.2.3)
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and choose the Aikˆ to be dimensionless numerical constants. Then,
[L KE~A ] = [Q3Q2Q1A
ikˆφiψkˆ] = +1, and [
∫
dτ L KE~A ] = 0. (3.2.4)
However, these forty terms are not all unrelated, and Table 3.1 specifies six linearly inde-
pendent manifestly supersymmetric kinetic Lagrangian terms.
Table 3.1: LI Manifestly Supersymmetric Kinetic Terms
ka(φ, ψ) Supersymmetric Kinetic TermsKa(φ, ψ, F ) := Q3Q2Q1 ka(φ, ψ)
k1 := φ1ψ4 K1 :=F 21 + (F3+
.
φ3)
2 +
.
φ 21 +
.
φ 22 + iψ1
.
ψ1 + iψ2
.
ψ2 + iψ3
.
ψ3 + iψ4
.
ψ4
k2 := φ4ψ6 K2 :=F 22 + F
2
3 +
.
φ 24 +
.
φ 25 + iψ5
.
ψ5 + iψ6
.
ψ6 + iψ7
.
ψ7 + iψ8
.
ψ8
k3 := φ1ψ5 K3 :=F1F2 − F3
.
φ2 + (F3 +
.
φ3)
.
φ4 +
.
φ1
.
φ5 − iψ1
.
ψ6 + iψ2
.
ψ8 − iψ3
.
ψ7 + iψ4
.
ψ5
k4 :=−φ1ψ6 K4 :=F1F3 + F2
.
φ2 + (F3 +
.
φ3)
.
φ5 −
.
φ1
.
φ4 − iψ1
.
ψ5 + iψ2
.
ψ7 + iψ3
.
ψ8 − iψ4
.
ψ6
k5 := φ1ψ7 K5 :=F3(F3 +
.
φ3)− F1
.
φ5 + F2
.
φ1 +
.
φ2
.
φ4 + iψ1
.
ψ8 + iψ2
.
ψ6 + iψ3
.
ψ5 + iψ4
.
ψ7
k6 := φ1ψ8 K6 :=F2(F3 +
.
φ3)− F1
.
φ4 − F3
.
φ1 −
.
φ2
.
φ5 − iψ1
.
ψ7 − iψ2
.
ψ5 + iψ3
.
ψ6 + iψ4
.
ψ8
These were taken from the full listing, given in Table B.1, in the appendix. Already in that
table, some of the entries vanish, indicating that the corresponding Q3Q2Q1(φiψkˆ) term is
a total time-derivative. Further identities reduce this list to the six rows of Table 3.1; see
appendix B for further details.
This leaves the manifestly supersymmetric kinetic Lagrangian (3.2.1) expressible as
L KE~A :=
6∑
a=1
AaK
a(φ, ψ, F ) = 1
2
Q3Q2Q1
( 6∑
a=1
Aa k
a(φ, ψ)
)
, (3.2.5a)
= 1
2
Q3Q2Q1
[
A1φ1ψ4+A2φ4ψ6 + A3φ1ψ5−A4φ1ψ6+A5φ1ψ7+A6φ1ψ8
]
(3.2.5b)
and depending explicitly on the array ~A = (A1, · · · , A6) of six free parameters.
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For example, the choice
L KE(1,0,0,0,0,0) =
1
2
Q3Q2Q1(φ1ψ4),
= 1
2
(
F 21 +
.
φ 21 +
.
φ 22 + (F3+
.
φ3)
2
)
+ i
2
(
ψ1
.
ψ1 + ψ2
.
ψ2 + ψ3
.
ψ3 + ψ4
.
ψ4
) (3.2.6)
is—except for the
.
φ3+F3 mixing—the standard kinetic term for the left-hand half of the
supermultiplet, as it is depicted in Figure 3.1. This mixing with a component field from
the right-hand half of the supermultiplet,
.
φ3 with F3, owes to the existence of the one-way
supersymmetry action depicted in Figure 3.1 by the tapering edges—of which F3 is the sole
target component. We note in passing that the equation of motion of F3 is then F3 = −
.
φ3,
the use of which completely eliminates both F3 and
.
φ3 from this simple Lagrangian.
The nonlocal field redefinition φ˜3 := φ3+
∫
dτ F3 would remove this mixing and would
decompose the supermultiplet (3.0.1) into a direct sum of the left-hand half and the right-
hand half of the graph in Figure 3.1. However, a nonlocal field redefinition is not accept-
able as an equivalence relation, the supermultiplet (3.0.1) does not decompose[40], and
the kinetic terms (3.2.6) remain mixed with F3 from the other half of the supermultiplet.
In turn, the choice
L KE(0,1,0,0,0,0) =
1
2
Q3Q2Q1(φ4ψ6),
= 1
2
(
F 22 + F
2
3 +
.
φ 24 +
.
φ 25
)
+ i
2
(
ψ5
.
ψ5 + ψ6
.
ψ6 + ψ7
.
ψ7 + ψ8
.
ψ8
) (3.2.7)
provides the standard kinetic term for the right-hand half of the supermultiplet as de-
picted in Figure 3.1. This portion involves none of the “left-hand side” components,
(φ1, φ2, φ3|ψ1, ψ2, ψ3, ψ4|F1), since none of these are the target components of any of the
one-way supersymmetry action; see Figure 3.1.
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This identifies the simple sum of (3.2.6) and (3.2.7):
L KE(1,1,0,0,0,0) =
1
2
Q3Q2Q1(φ1ψ4 + φ4ψ6),
= 1
2
[ .
φ 21 +
.
φ 22 + (F3+
.
φ3)
2 +
.
φ 24 +
.
φ 25
]
+ 1
2
[
F 21 + F
2
2 + F
2
3
]
+ i
2
[
ψ1
.
ψ1 + ψ2
.
ψ2 + ψ3
.
ψ3 + ψ4
.
ψ4 + ψ5
.
ψ5 + ψ6
.
ψ6 + ψ7
.
ψ7 + ψ8
.
ψ8
]
,
(3.2.8)
as the familiar-looking standard kinetic term in a supersymmetric Lagrangian for the su-
permultiplet (3.0.1). The equation of motion of F3 from (4.3.3) is F3 = − 12
.
φ3. Eliminating
F3 from the Lagrangian (4.3.3) changes the 12
.
φ 23 -term into 14
.
φ 23 and so reduces the effective
“mass” of φ3 from 1 to 1√2 , but does not eliminate this propagating component field from
the Lagrangian—unlike the case with the “left-hand side” terms (3.2.6) alone.
The 6-dimensional complement { ~A ∈ R6, ~A 6= (1, 1, 0, 0, 0, 0)} then parametrizes
“non-standard” but manifestly supersymmetric kinetic terms. In retrospect, the fact that
the kinetic Lagrangian terms for the well-known and well-used models are unique[17,25]
stem not only from a higher supersymmetry, but also from conventional symmetries (in-
cluding the Lorentz group) and/or additional (complex and/or hyper-complex) structures.
Simple (N = 1) supersymmetry in 4-dimensional spacetime, e.g., is equivalent to N = 4 on
the worldline. (see also Section 3.6)
The full 6-parameter dependence of the kinetic terms (4.3.2) however does remain
available in all worldline and some worldsheet applications, as could be useful in string
theory and its M - and F -theory extensions: The graphical rendition in Figure 3.1 easily
shows that, as per the “bow-tie” theorem of Ref.[36], the supermultiplet (3.0.1) extends
to a worldsheet off-shell supermultiplet of (3, 0)- or (0, 3)-supersymmetry.
The standard kinetic Lagrangian (4.3.3) has all the summands in a uniform format
and with a positive sign, allowing for a straightforward construction of a partition func-
tional and the corresponding unitary quantum model. Each of the K3, · · · , K6 terms mixes
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the component fields from the left-hand side and the right-hand side of the supermultiplet
as depicted in Figure 3.1. This necessarily opens the possibility of non-unitarity, which be-
comes manifest upon diagonalizing the component fields to “normal modes.” For example,
the Lagrangian
L KE(1,1,α,0,0,0) = . . .+ iψ1
.
ψ1 + . . .+ iψ6
.
ψ6 + . . .+
i
2
α(ψ1
.
ψ6 −
.
ψ1ψ6) + . . . (3.2.9)
has normal modes that are eigenvectors of the matrix
[
2 α
α 2
]
, and which appear in the
diagonalized Lagrangian with coefficients ∝ (2±α). For both of these to have the positive
sign, we must limit the range of this free parameter to |α| < 2. For the Lagrangian (3.2.9),
this choice suffices to insure the positivity of all fermionic kinetic energy terms, as well as
the diagonalized (φ1, φ5)- and (F1, F2)-terms. The diagonalization of (φ2, φ3, φ4, F3)-terms
is more involved, but yields the simple reduction of the unitarity range to |α| < 1√
2
. The
unitarity conditions on the full 6-dimensional parameter space of (4.3.2) are of course
considerably more involved. Nevertheless, the parameter space does include a continuum
of unitary (positive) Lagrangians (3.2.9) when |α| < 1√
2
.
In principle, any particular choice from among the Lagrangians (4.3.2) may be trans-
formed into a “standard-looking” kinetic Lagrangian
1
2
5∑
i=1
.
ϕi
2 + i
2
8∑
kˆ=1
χkˆ
.
χkˆ +
1
2
3∑
m=1
Gm
2 (3.2.10)
by means of a judicious field redefinition. However, all but very special—and incomplete,
such as (3.2.7)—choices of the ~A-dependent Lagrangians will require nonlocal field re-
definitions such as φ˜3 := φ3 +
∫
dτ F3, to transform into the form (3.2.10). Every such
field redefinitions also significantly complicates the supersymmetry transformation rules,
being that (3.0.1) is the simplest representative of the gauged quotient continuum of
35
choices[40]. Suffice it here to note that we may take (4.3.3) as the starting point, where
the
.
φ3 + F3 mixing cannot be removed by local field redefinition. The complementary 6-
parameter variation (4.3.2) then describes nontrivial variations in dynamics, although a
precise determination of which of these variations remain inequivalent under local field
redefinitions is beyond our present scope.
3.3 The Zeeman Terms
The Lagrangian (4.3.2) consists of bilinear terms with the mass-dimension +1, its τ -
integral has the physical units of ~, and so requires no multiplicative mass-parameter.
The constants ~A in the Lagrangian (4.3.2) must be chosen to be purely numerical.
It turns out, however, that the supermultiplet (3.0.1) may also have supersymmetric
Lagrangian terms with mass-dimension 0, thus requiring at least one mass-like multiplica-
tive parameter. Such terms were also found in Ref.[50], where they arose as Zeeman-like
interactions of a supermultiplet with external magnetic fields/fluxes.
To this end and for the off-shell supermultiplet (3.0.1), we have:
Lemma 3.3.1 Let z(φ) := zikφiφk be an expression that is bilinear in the lowest components
of the supermultiplet (3.0.1), chosen such that
Q3Q2Q1
[
z(φk)
] ' 0 (mod ∂τK), K = K(φ, ψ, F ) analytic. (3.3.1)
The expressions
Q1Q2
[
z(φ)
]
, Q1Q3
[
z(φ)
]
and Q2Q3
[
z(φ)
]
(3.3.2)
are then manifestly supersymmetric, and linear combinations of these expressions that are not
total time-derivatives are nontrivial supersymmetric Lagrangians.
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Proof: The general supersymmetry transformation of the first of the expressions (3.3.2) is
generated by
IQI Q1Q2
[
z(φ)
]
= i1
[
Q 21 Q2z(φ)
]− i2[Q1Q 22 z(φ)]− 3Q3Q2Q1[z(φ)],
= ∂τ
[
i1Q2z(φ)− i2Q1z(φ) + 3K
]
. (3.3.3)
For the remaining two expressions (3.3.2), the roles of the three terms in the expan-
sion (3.3.3) change cyclically but produce a total time-derivative just the same. X
This construction provides Lagrangian terms analogous to the so-called “F -terms” within
standard constructions with simple supersymmetry in 4-dimensional spacetime[17,32,24,
25].
Table B.2 in the appendix lists the
(
5+1
2
)
= 15 expressions of the form Q3Q2Q1(φiφk).
Besides the two vanishing entries therein, straightforward row-operations find several ad-
ditional vanishing bilinear combinations of this sort. Thus,
z(φ) =
{
1
2
(φ 21 −φ 22 ), (φ1φ2), (φ1φ3+φ2φ5), (φ1φ4+φ3φ5), (φ1φ5−φ2φ3),
(φ1φ5−φ3φ4), 12(φ 24 − φ 25 ), (φ4φ5), 12(φ 21 −φ 23 +φ 25 −2φ2φ4)
(3.3.4)
provide a basis of nine linearly independent bilinear functions for the construction in
Lemma 3.3.1. From each of these, we compute the three possibleQIQJ -transforms (3.3.2),
as listed in Tables B.3–B.5 in appendix B. Within these, row-operations straightforwardly
reduce to the final list of linearly independent supersymmetric super-Zeeman Lagrangian
terms, listed in Table 3.2 by simplicity. Except for the first two entries, Z1, Z2, the terms in
Table 3.2 contain expressions of the form φj
.
φk ' 12
(
φj
.
φk − φk
.
φj
)
, up to total derivatives.
With (4.3.3) chosen as the kinetic term,
.
φj is proportional to the momentum canonically
conjugate to φj, and
(
φj
.
φk−φk
.
φj
)
is proportional to rotations in the (φj, φk)-plane.
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Table 3.2: LI Super-Zeeman Lagrangian terms
The Super-Zeeman Lagrangian Terms iQIQJ z(φ)
Z1 := iψ5ψ7 − iψ6ψ8 − φ4F3 − φ5F2
Z2 := iψ5ψ8 + iψ6ψ7 − φ4F2 + φ5F3
Z3 := iψ1ψ2 + iψ3ψ4 − φ1F1 − φ2F3 − φ2
.
φ3
Z4 := iψ1ψ4 + iψ2ψ3 − φ1F3 + φ2F1 − φ1
.
φ3
Z5 := iψ1ψ8 + iψ2ψ6 + iψ3ψ5 + iψ4ψ7 − φ1F2 − φ3F3 − φ5F1 − φ2
.
φ4
Z6 := iψ1ψ7 + iψ2ψ5 − i(ψ3−ψ5)ψ6 − i(ψ4−ψ7)ψ8 − φ1F3 + φ3F2 + φ4F1 − φ2
.
φ5 + φ4
.
φ5
Z7 := iψ1(ψ3−ψ5)− iψ2(ψ4−ψ7) + iψ3ψ8 − iψ4ψ6 − φ2F2 − φ3F1 + φ5F3 − φ1
.
φ2 + φ1
.
φ4 − φ3
.
φ5
The remainder of summands in the row then provide the supersymmetric completion
of this angular momentum. A coefficient in the Lagrangian multiplying such a term is
then the external magnetic flux coupling to this angular momentum. The latter five rows
of Table 3.2 indicate that there are five such independent fluxes coupling supersymmet-
rically to the five corresponding combinations of angular momenta in the 5-dimensional
(φ2, φ4, φ3, φ1, φ5)-space.
The first two rows of Table 3.2 do not involve the (φ2, φ4, φ3, φ1, φ5)-bosons, and so
cannot be interpreted as such a magnetic flux coupling. Nevertheless, they do belong
into this sector of the Lagrangian on dimensional grounds, and we refer to them also as
super-Zeeman terms. We thus write
L SZ~B := BaZ
a(φ, ψ, F ), (3.3.5)
where ~B = (B1, · · · , B7) is a seven-component array of background fluxes, and Za(φ, ψ, F )
are the seven expressions from Table 3.2.
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3.4 The Helicoidal Response
Consider for example, the term
L SZ(0,0,B3,0,0,0,0) = B3
[
iψ1ψ2 + iψ3ψ4 − F1φ1 − F3φ2 − 12(φ2
.
φ3 − φ3
.
φ2)
]
. (3.4.1)
It describes a super-Zeeman interaction of the supermultiplet (3.0.1) with a magnetic flux
B3 passing through the (φ2, φ3)-plane. Adding (3.4.1) to the lagrangian (4.3.3), the equa-
tions of motion for F1 and F3 set
δF1L = 0 : F1 → B3φ1 and δF3L = 0 : F3 → 12(B3φ2 −
.
φ3), (3.4.2)
which eliminates F1 and F3 from the Lagrangian, modifying it (upon integration by parts)
into
L KE(1,1,0,0,0,0) +L
SZ
(0,0,B3,0,0,0,0)
→ + 1
2
.
φ 21 +
1
2
.
φ 22 +
1
4
.
φ 23 +
1
2
.
φ 24 +
1
2
.
φ 25 − 12B 23 (φ 21 + 12φ 22 ) + 12B3
.
φ2 φ3 + . . .
(3.4.3)
The resulting system of Euler-Langrange equations of motion are
..
φ1 +B
2
3 φ1 = 0 so φ1 = a1 sin
(
B3τ + δ1
)
, (3.4.4a)
..
φ2 + 12B
2
3 φ2 +
1
2
B3
.
φ3 = 0 so φ2 = a2 sin
(
B3τ + δ2
)
+ ∆2, (3.4.4b)
..
φ3 −B3
.
φ2 = 0 so φ3 = −a2 cos
(
B3τ + δ2
)−∆2B3τ + ∆3, (3.4.4c)
..
φ4 = 0 so φ4 = v4τ + ∆4, (3.4.4d)
..
φ5 = 0 so φ5 = v5τ + ∆5, (3.4.4e)
where the amplitudes a1, a2, the phases δ1, δ2, the velocities v4, v5 and the displacements
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∆2,∆3,∆4 and ∆5 are the integration constants parametrizing the simple harmonic, heli-
coidal motion (3.4.4), all with one and the same frequency, equal to B3.
It is evident from Table 3.2 that including the super-Zeeman Lagrangian term Z4(φ) in-
stead of Z3(φ) in (3.4.1) would have a similar effect: the (φ1, φ2;ψ2, ψ4)→ (−φ2, φ1;ψ4,−ψ2)
swap “rotates” (Z3, Z4)→ (Z4,−Z3). Indeed, adding any one of Z3, Z4, Z5 to the standard
kinetic Lagrangian (4.3.3), eliminating the auxiliary fields F1, F2 and F3 by means of their
equations of motion and then solving the equations of motion for φ1, · · · , φ5 results in a
helicoidal response akin to (3.4.4).
In fact, even the first two terms, Z1 and Z2, induce a similar helicoidal response
although they do not include (φi
.
φk−φk
.
φi)-like angular momentum terms. For example,
adding B1Z1 to the standard kinetic Lagrangian (4.3.3) and eliminating F1, F2 and F3
through their equations of motion produces the Lagrangian
L KE(1,1,0,0,0,0) +L
SZ
(B1,0,0,0,0,0,0)
→ + 1
2
.
φ 21 +
1
2
.
φ 22 +
1
4
.
φ 23 +
1
2
.
φ 24 +
1
2
.
φ 25 − 12B 21 ( 12φ 24 + φ 25 ) + 12B1
.
φ3 φ4 + . . .
(3.4.5)
which equals (3.4.3) upon the (φ1, φ2, φ3, φ4, φ5) → (φ5, φ4,−φ3, φ2, φ1) field redefinition
and integration by parts on the last term. Thus, despite different appearances and the
lack of (φi
.
φk−φk
.
φi)-like angular momentum terms in Z1 and Z2, the Lagrangian terms
in Table 3.2 indeed all couple the supermultiplet (3.0.1) to external magnetic fluxes, thus
justifying the grouping in Table 3.2. Of these, each one of the first five induces this type of
simple harmonic, helicoidal response.
3.5 Golden Ratio Controlled Chaos
Adding either Z6 or Z7 to the standard kinetic Lagrangian (4.3.3) however results in a radi-
cally different response. Consider the bilinear N = 3-supersymmetric worldline Lagrangian
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L = L KE(1,1,0,0,0,0) +L
SZ
(0,0,0,0,0,B6,0)
, (3.5.1a)
= 1
2
[ .
φ 21 +
.
φ 22 + (F3+
.
φ3)
2 +
.
φ 24 +
.
φ 25
]
+ 1
2
[
F 21 + F
2
2 + F
2
3
]
+ . . . (3.5.1b)
+B6
[−φ1F3 + φ3F2 + φ4F1 − φ2 .φ5 + φ4 .φ5 + . . . ], (3.5.1c)
where the fermion-fermion terms have been omitted. The equations of motion for the
auxiliary fields F1, F2, F3 are:
δF1 : 0
!
= F1 +B6φ4 ⇒ F1 = −B6φ4; (3.5.2)
δF2 : 0
!
= F2 +B6φ3 ⇒ F2 = −B6φ3; (3.5.3)
δF3 : 0
!
= (F3 +
.
φ3) + F3 −B6φ1 ⇒ F3 = 12(B6φ1 −
.
φ3). (3.5.4)
Substituting these back into (3.5.1), we obtain:
L = 1
2
.
φ 21 +
1
4
.
φ 23 +
1
2
B6φ1
.
φ3 − 14B 26 φ 21 − 12B 26 φ 23 (3.5.5a)
+ 1
2
.
φ 22 +
1
2
.
φ 24 +
1
2
.
φ 25 −B6φ2
.
φ5 +B6φ4
.
φ5 − 12B 26 φ 24 + . . . (3.5.5b)
Notice that the five bosonic fields decouple into two groups: the (φ1, φ3)-plane and the
(φ2, φ4, φ5)-volume. The two resulting linear differential systems of bosonic equations of
motion are:
0 = d
dt
( .
φ1
)− (1
2
B6
.
φ3 − 12B 26 φ1
)
0 = 2
..
φ1 −B6
.
φ3 +B
2
6 φ1, (3.5.6a)
{
0 = d
dt
(
1
2
.
φ3 +
1
2
B6φ1
)− (−B 26 φ3)
{
0 =
..
φ3 +B6
.
φ1 + 2B
2
6 φ3; (3.5.6b)
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and
0 = d
dt
( .
φ2
)− (−B6 .φ5) 0 = ..φ2 +B6 .φ5, (3.5.7a)0 = ddt
( .
φ4
)− (B6 .φ5 −B 26 φ4)
0 =
..
φ4 −B6
.
φ5 +B
2
6 φ4, (3.5.7b)
0 = d
dt
( .
φ5 −B6φ2 +B6φ4
)− (0) 0 = ..φ5 −B6 .φ2 +B6 .φ4. (3.5.7c)
Consider the planar system (3.5.6) first. Substituting
.
φ3 = (2
..
φ1+B
2
6 φ1)/B6 from (3.5.6a)
into the derivative of (3.5.6b), we obtain
2
B6
(
....
φ1 + 3B
2
6
..
φ1 +B
4
6 φ1) = 0. (3.5.8)
Looking for a solution in the form φ1 = A1 sin(ωτ+δ1), we obtain:
(ω4 − 3B 26 ω2 +B 46 )A1 sin(ωτ+δ1) = 0, (3.5.9)
the (positive) solutions of which
ω+ = ϕB6, ω− = ϕ−1B6, (3.5.10)
are irrational multiples of the magnetic flux B6, by factors of the Golden Ratio,
ϕ :=
√
5+1
2
≈ 1.61803, for which ϕ−1 = ϕ−1. (3.5.11)
The general (φ1, φ3)-solution may thus be written as
φ1 = a1 sin(ϕB6τ+δ1) + a˜1 sin(ϕ
−1B6τ+δ˜1), (3.5.12a)
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and, substituting
..
φ3 from (3.5.6a) into (3.5.6b):
φ3 = − 2B 36
...
φ 1 − 1B6
.
φ1, (3.5.12b)
= a1ϕ
2 cos(ϕB6τ+δ1)− a˜1ϕ−2 cos(ϕ−1B6τ+δ˜1), (3.5.12c)
9 owing to the identity (3.5.11) so ϕ3−ϕ = ϕ2 and ϕ−3−ϕ−1 = −ϕ−2. The solutions (3.5.12)
are parametrized by four integration constants, the amplitudes a1, a˜1 and the phases δ1, δ˜1.
Turning now to the (φ2, φ4, φ5)-volume, we express
.
φ5 = −
..
φ2/B6 from (3.5.7a) and
substitute this into (3.5.7b)–(3.5.7c):
0 =
..
φ4 +
..
φ2 +B
2
6 φ4 ⇒
..
φ2 = −
..
φ4 −B 26 φ4,
0 = − 1
B6
...
φ 2 −B6
.
φ2 +B6
.
φ4 ⇒ 0 =
....
φ2 +B
2
6
..
φ2 −B 26
..
φ4.
(3.5.13)
Substituting now the requisite derivatives of φ2 from the top equation into the bottom one
produces*
....
φ4 + 3B
2
6
..
φ4 +B
4
6 φ4 = 0, (3.5.14)
which is identical to (3.5.8) and so is analogously solved by
φ4 = a4 sin(ϕB6τ+δ4) + a˜4 sin(ϕ
−1B6τ+δ˜4). (3.5.15a)
Substituting
..
φ5 from the derivative of (3.5.7b) into (3.5.7c), we compute:
φ2 = 2φ4 +B
2
6
..
φ4 + ∆2,
= −a4ϕ−1 sin(ϕB6τ+δ4) + a˜4ϕ sin(ϕ−1B6τ+δ˜4) + ∆2, (3.5.15b)
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where we used that 2−ϕ2 = −ϕ−1 and 2−ϕ−2 = ϕ. Then, from (3.5.7a):
φ5 = − 1B6
.
φ2 + ∆5,
= a4 cos(ϕB6τ+δ4)− a˜4 cos(ϕ−1B6τ+δ˜4) + ∆5. (3.5.15c)
Note that φ2 and φ5 have undetermined constant displacements, ∆2 and ∆5, since the
system (3.5.7) determines only
.
φ2 and
.
φ5. The resulting solutions (3.5.15) thus have
the requisite six integration constants: the amplitudes a4, a˜4, the phases δ4, δ˜4 and the
displacements ∆2,∆5.
The solutions (3.5.12) and (3.5.15) clearly indicate that, in response to a single mag-
netic flux, B6, the bosonic component fields φ1, · · · , φ5 of the supermultiplet (3.0.1) all
oscillate with normal modes of two incommensurate frequencies
ω+ = ϕB6 =
(√
5+1
2
)
B6 and ω− = ϕ−1B6 =
(√
5−1
2
)
B6,
ω+
ω−
= ϕ2 =
√
5+3
2
, (3.5.16)
distinguished by powers of the Golden Ratio (3.5.11). This implies aperiodic (chaotic) os-
cillatory motion: for any generic (random) choice of initial conditions, the bosonic system
(φ1, · · · , φ5) will oscillate, but never return to the initial configuration—although it will
come arbitrarily close to it and, as time passes, infinitely many times. After long enough
time, the trajectory becomes a telltale toroidal surface filling curve with infinitely many
self-intersections.
When coupling any system to at least two independent magnetic fluxes, their relative
ratio may be varied continuously and will typically elicit an aperiodic response. However,
it is highly unusual that component fields of a single, indecomposable supermultiplet such
as (3.0.1) respond chaotically to a single external magnetic flux to which they couple
linearly in a Lagrangian that is bilinear in component fields. A more complete exploration
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of the frequency spectra and regimes as they occur in the various phases of the system with
the combined Lagrangian
L := L KE~A +L
SZ
~B (3.5.17)
within the 13-dimensional parameter space ( ~A; ~B) is clearly beyond our present scope.
The above results however show that there exist at least two radically different phases:
1. the simple harmonic, helicoidal response regime, as in (3.5.12),
2. the chaotic, aperiodic response regime, as in (3.5.15).
3.6 Supersymmetric Extension to N = 4
As generally expected of representations of worldline N = 3 supersymmetry, the supermul-
tiplet (3.0.1) indeed does admit an additional, 4th supersymmetry—and in at least two
distinct ways.
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3.7 The Chiral-Chiral Extension:
We simply list the additional supersymmetry transformation rules by extending equa-
tions (3.0.1), which may be depicted in the manner of Figure 3.2.
Q1 Q2 Q3 Q4
φ1 ψ1 ψ2 ψ3 ψ4
φ2 ψ3 −ψ4 −ψ1 ψ2
φ3 ψ4−ψ7 ψ3−ψ5 −ψ2+ψ6 −ψ1+ψ8
φ4 ψ5 −ψ7 −ψ8 ψ6
φ5 −ψ6 ψ8 −ψ7 ψ5
F1
.
ψ2 −
.
ψ1
.
ψ4 −
.
ψ3
F2
.
ψ8
.
ψ6
.
ψ5
.
ψ7
F3
.
ψ7
.
ψ5 −
.
ψ6 −
.
ψ8
Q1 Q2 Q3 Q4
ψ1 i
.
φ1 −iF1 −i
.
φ2 −i
.
φ3−iF3
ψ2 iF1 i
.
φ1 −i
.
φ3−iF3 i
.
φ2
ψ3 i
.
φ2 i
.
φ3+iF3 i
.
φ1 −iF1
ψ4 i
.
φ3+iF3 −i
.
φ2 iF1 i
.
φ1
ψ5 i
.
φ4 iF3 iF2 i
.
φ5
ψ6 −i
.
φ5 iF2 −iF3 i
.
φ4
ψ7 iF3 −i
.
φ4 −i
.
φ5 iF2
ψ8 iF2 i
.
φ5 −i
.
φ4 −iF3
(3.7.1)
Adiankraic Chromotopology is the topology of the graph, taken together with the coloring
of the nodes (boson/fermion), the coloring of the edges and their solidity/dashedness.[21,
?].
φ1 φ2 φ3 φ4 φ5
ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8
F1 F3 F2
Figure 3.2: The N = 4 Worldline Supermultiplet From Eq (3.7.1).
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The illustration makes it clear that the 4th supersymmetry transformations have been
implemented here so that the left- and the right-hand side halves in Figure 3.2 have
the same, chiral chromotopology, defined as and are then connected by the one-way Q-
transformations depicted by the left-to-right, upward tapering edges—the only ones that
connect the two halves.
To verify this, one easily traces any 4-colored quadrangle that lies entirely within the
left-hand half and another that is entirely within the right-hand half, multiplying factors
of +1 for solid edges and −1 for dashed edges[51]. For both halves in Figure 3.2, this
product equals
(−1)× (−1)F (start) ε(r, g, b, y), (3.7.2)
where (−1)F (start) = +1 if we start from a boson and −1 if we start from a fermion, and
ε(r, g, b, y) is the sign of the permutation of the colors of the followed edges as compared
to the default red-green-blue-yellow order; see Ref.[51] for details and proof. In fact,
the two halves differ one from another only in the mass-dimension of one of the bosonic
nodes: upon raising the φ2 node to the top level (mapping φ2 7→ F4 :=
.
φ2) followed
by the corresponding changes in the transformation rules (3.7.1) and then changing the
sign F1 7→ −F1, the left-hand side of the graph in Figure 3.2 becomes isomorphic to the
upside-down image of the right-hand half.
Direct calculation with (3.7.1), detailed in the first half of appendix B, shows that
all of the kinetic and super-Zeeman Lagrangian terms in Tables 3.1 and 3.2 are Q4 su-
persymmetric. Therefore, at least the “quadratic” Lagrangians (4.3.2)+(3.3.5) for the
supermultiplet (3.0.1) are in fact automatically N = 4-supersymmetric.
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3.8 The Chiral-Twisted-Chiral Extension:
In distinction from the chiral-chiral extension (3.7.1), the supersymmetry transforma-
tion rules (3.0.1) may also be extended in a twisted fashion:
Q1 Q2 Q3 Q˜4
φ1 ψ1 ψ2 ψ3 ψ4
φ2 ψ3 −ψ4 −ψ1 ψ2
φ3 ψ4−ψ7 ψ3−ψ5 −ψ2+ψ6 −ψ1−ψ8
φ4 ψ5 −ψ7 −ψ8 −ψ6
φ5 −ψ6 ψ8 −ψ7 −ψ5
F1
.
ψ2 −
.
ψ1
.
ψ4 −
.
ψ3
F2
.
ψ8
.
ψ6
.
ψ5 −
.
ψ7
F3
.
ψ7
.
ψ5 −
.
ψ6
.
ψ8
Q1 Q2 Q3 Q˜4
ψ1 i
.
φ1 −iF1 −i
.
φ2 −i
.
φ3−iF3
ψ2 iF1 i
.
φ1 −i
.
φ3−iF3 i
.
φ2
ψ3 i
.
φ2 i
.
φ3+iF3 i
.
φ1 −iF1
ψ4 i
.
φ3+iF3 −i
.
φ2 iF1 i
.
φ1
ψ5 i
.
φ4 iF3 iF2 −i
.
φ5
ψ6 −i
.
φ5 iF2 −iF3 −i
.
φ4
ψ7 iF3 −i
.
φ4 −i
.
φ5 −iF2
ψ8 iF2 i
.
φ5 −i
.
φ4 iF3
(3.8.1)
They may be depicted in the manner of Figure 3.2. The entries differing (only in sign)
from the corresponding ones in (3.7.1) have been boxed.
φ1 φ2 φ3 φ4 φ5
ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8
F1 F3 F2
Figure 3.3: The N = 4 Worldline Supermultiplet From Eq (3.8.1).
This illustration makes it clear that the 4th supersymmetry transformations can also be
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implemented so that the left- and the right-hand side halves in Figure 3.2 differ one from
another, besides the mass-dimension of one of the bosonic node, also in chromotopology.
We again verify this by tracing 4-colored quadrangles following the definition in Ref.[51],
and obtain for the two halves in Figure 3.3:
(∓1)× (−1)F (start) ε(r, g, b, y) for the
{ left-hand
right-hand
}
half. (3.8.2)
Whereas the chromotopology of the left-hand half is chiral, that of the right-hand half is
twisted-chiral[21,?], and the two halves are connected by the one-way Q-transformations
depicted by the left-to-right, upward tapering edges—the only ones that connect the two
halves.
Direct calculation with (3.8.1), detailed in the second half of Appendix B, shows
that the first two of the kinetic Lagrangian terms in Table 3.1 and the first four super-
Zeeman Lagrangian in Table 3.2 are also Q˜4-supersymmetric. However, the last four ki-
netic Lagrangian terms in Table 3.1 and the last three super-Zeeman Lagrangian terms in
Table 3.2 are not Q˜4-supersymmetric, and so present an obstruction to the twisted Q˜4-
supersymmetry.
That is, the 6-parameter family of quadratic Lagrangians
L KE(A1,A2,0,0,0,0) +L
SZ
(B1,B2,B3,B4,0,0,0)
(3.8.3)
are both Q4- and Q˜4-supersymmetric. In turn, adding any combination of the A3, · · ·, A6-
and B5, B6, B7 dependent terms obstructs the “twisted” Q˜4 supersymmetry (3.7.1), but not
the “chiral-chiral” Q4-supersymmetry (3.8.1), and the general bilinear Lagrangian (4.3.2)
+ (3.3.5) is indeed N = 4 supersymmetric.
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Finally, it is interesting to note that the standard kinetic term Lagrangians (3.2.6)
and (3.2.7) may in fact be written as
L KE(1,0,0,0,0,0) = Q4Q3Q2Q1
1
2
φ 21 L
KE
(0,1,0,0,0,0) = Q4Q3Q2Q1
1
2
φ 24
= Q˜4Q3Q2Q1 12φ
2
1 = −Q˜4Q3Q2Q1 12φ 24
(3.8.4)
making them manifestly N = 4-supersymmetric. The remaining terms in Tables 3.1 and 3.2
however do not have such simple representations.
3.9 Summation
In Ref.[2], we have proven that a semi-infinite iterative sequence of off-shell supermulti-
plet quotients produces ever larger indecomposable supermultiplets of worldline N > 3 su-
persymmetry. Here, we constructed a 13 parameter family of Lagrangians (4.3.2)+(3.3.5)
bilinear in the component fields of the smallest one of these supermultiplets (3.0.1),
and show that this family contains a continuum of unitary models. Although (3.0.1) is
a supermultiplet of N = 3 supersymmetry by construction, its most general bilinear La-
grangian (4.3.2)+(3.3.5) turns out to automatically admit a fourth supersymmetry. It re-
mains an open question whether the more general Lagrangians (5.1.3) with an unlimited
number of higher order interaction terms also admit a fourth supersymmetry.
The 13-parameter family of bilinear Lagrangians (4.3.2)+(3.3.5) involve a 7 param-
eter subset of terms that represent linear couplings of external magnetic fluxes to angular
momenta corresponding to rotations in planes within the (φ1, · · · , φ5)-space. Of these
terms, each one of the first five terms in Table 3.2 results in a simple harmonic, helicoidal
motion such as (3.4.4). However, each one of the last two terms in Table 3.2 results
generically in a chaotic, aperiodic motion such as (3.5.12)+(3.5.15)—the normal modes
in this regime have incommensurate frequencies differing by powers of the Golden Ra-
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tio (3.5.16). The 13-parameter family then clearly contains at least these two phases with
radically different oscillatory regimes.
The present analysis focuses on the classical behavior, but in doing so defines the
Lagrangians (4.3.2)+(3.3.5)+(5.1.3)+(5.1.8). Owing to the fact that the supermulti-
plet (3.0.1) is fully off-shell[40], supersymmetry closes on the each component field of
the supermultiplet Φ := (φi|ψkˆ|Fm) unconditionally and it is straightforward to construct
the partition functional
Z[Φ̂; ~A, ~B, ~C ] :=
∫
D[Φ] exp
{∫
dτ
(
L KE~A +L
SZ
~B +L
EG
~C + Φ̂·Φ
)}
, (3.9.1)
where Φ̂ := (φ̂i|ψ̂kˆ|F̂m) is a corresponding supermultiplet of probing sources. The meth-
ods used in Sections 3 and 5.1 can equally well provide interactions of the supermulti-
plet (3.0.1) with other off-shell supermultiplets[8,?]; this we defer to a subsequent ef-
fort. For illustration, suffice it here to note that the Hamiltonian for the (φ1, φ3) bosonic
system (3.5.5) may be written, after integration by parts as in 1
2
B6φ1
.
φ3 ' 14B6(φ1
.
φ3−
.
φ1φ3):
H13 =
1
2
(
p1+
1
4
B6φ3
)2
+
(
p3−14B6φ1
)2
+ 1
4
B 26 φ
2
1 +
1
2
B 26 φ
2
3 ,
= 1
2
p 213 +
1
2
(
`13
ϕ13
− B6
2
√
2
ϕ13
)2
+ 1
8
B 26
(
5−3 cos(2ϑ13)
)
ϕ 213,
(3.9.2)
where φ1 = ϕ13 cos(ϑ13) and φ3 =
√
2ϕ13 sin(ϑ13), and p13 and `13 are the radial and angular
momenta canonically conjugate to ϕ13 and ϑ13, respectively. This clearly indicates the non-
trivial dynamics within even this very simple subsystem of (4.4.6)+(5.1.3), and motivates
the more elaborate path integral approach in (3.9.2).
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CHAPTER 4: THE SUPERCHARGE CONTINUUM OF OFF-SHELL
SUPERMULTIPLETS
Supersymmetry has been studies for over forty years[17,24], has had successful appli-
cation in nuclear physics[?,?], critical phenomena[?,?], and has recently found appli-
cations also in condensed matter physics: see the recent reviews[?,?] for example. In
quantum-theoretical applications, the supermultiplets off-shell, i.e., must be free of any
(space)time-differential constraint that could play the role of the Euler-Lagrange (classi-
cal) equation of motion. The long-standing challenge of a systematic classification of off-
shell supermultiplets[?,?] has been addressed with significant success in the last decade
or so; see Refs.[?,7,8,?,?,?,?,35,?] and references therein. One of the pivotal ideas en-
abling this recent development was the use of graph-theoretical methods[18,2,10] in
assessing the structure of the supersymmetry transformations within off-shell supermulti-
plets, and which turned out to relate the classification problem to encryption and coding
theory[21,22,?].
Although this research program uncovered trillions of off-shell supermultiplets of
worldline N -extended supersymmetry, concurrent research[?] is showing that this is
merely a discrete subset of a vast continuum—which may well come as a surprise, since the
representations of Lie algebras and various discrete symmetry groups familiar from physics
applications all form discrete sequences. Ref.[40] showed that the infinite sequence of
quotient supermultiplets specified in Ref.[2] in fact defines an infinite sequence of ever
larger, linear, finite-dimensional, off-shell representations of N > 3-extended worldline su-
persymmetry, and Ref.[?] find highly non-trivial and intricate dynamics for the simplest
of these supermultiplets—even with only bilinear Lagrangians. Herein, we continue this
line of research an prove that these supermultiplets are indeed merely special cases of a
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continuum, which indeed can be physically probed.
For simplicity and concreteness, we focus on the worldsheetN = 4-extended worldline
supersymmetry algebra
{QI , QJ} = 2iδIJ ∂τ , [∂τ , QI ] = 0, (4.0.1)
where i∂τ is the Hamiltonian (in the familiar ~ = 1 = c units) and Q1, · · ·Q4 are the
supercharges, four real generators of supersymmetry. We also focus on a particular set
of supermultiplets, see (4.1.1) below, which were adapted from Ref.[?] by replacing
one of the component bosons with its τ -derivative and renaming the component fields.
Most of our present results then equally apply to the N = 3 supermultiplet of Refs.[40,?].
We focus on worldline supersymmetry for several reasons: (a) by dimensional reduction,
it is an integral part of any supersymmetric theory, (b) it is directly relevant in diverse
fields in physics, from candidates for the fundamental description of M -theory[?] to the
phenomenology of topological insulators and graphene[?], and (c) it shows up in the
Hilbert space of any supersymmetric quantum theory.
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4.1 The Q Continuum
Adapting from Refs.[40,?], we study the 1-parameter equation family of off-shell super-
multiplets of worldline N = 4-extended supersymmetry without central extensions.
Q1 Q2 Q3 Q4
φ1 ψ1 ψ2 ψ3 ψ4
φ2 ψ4−αψ5 ψ3−αψ6 −ψ2+αψ7 −ψ1+αψ8
F3
.
ψ3 −
.
ψ4 −
.
ψ1
.
ψ2
F4
.
ψ2 −
.
ψ1
.
ψ4 −
.
ψ3
φ5 ψ6 −ψ5 −ψ8 ψ7
φ6 −ψ7 ψ8 −ψ5 ψ6
F7
.
ψ8
.
ψ7
.
ψ6
.
ψ5
F8
.
ψ5
.
ψ6 −
.
ψ7 −
.
ψ8
Q1 Q2 Q3 Q4
ψ1 i
.
φ1 −iF4 −iF3 −i
.
φ2−iαF8
ψ2 iF4 i
.
φ1 −i
.
φ2−iαF8 iF3
ψ3 iF3 i
.
φ2+iαF8 i
.
φ1 −iF4
ψ4 i
.
φ2+iαF8 −iF3 iF4 i
.
φ1
ψ5 iF8 −i
.
φ5 −i
.
φ6 iF7
ψ6 i
.
φ5 iF8 iF7 i
.
φ6
ψ7 −i
.
φ6 iF7 −iF8 i
.
φ5
ψ8 iF7 i
.
φ6 −i
.
φ5 −iF8
(4.1.1)
Conventionally, these may also be depicted in the manner of Figure 4.1: Component fields
are depicted as nodes and the Q-transformations between them as connecting edges, var-
iously colored to correspond to the four supercharges QI , and are drawn solid (dashed)
to depict the positive (negative) signs in (4.1.1). The tapered edges correspond to the 1
way Q-transformations the “magnitude” of which is parametrized by α ∈ R in the tabula-
tion (4.1.1). These transformations are “one-way” in the sense that, e.g., Q1(φ2) contains
ψ5, but Q1(ψ5) but not φ2. Nevertheless, the supersymmetry algebra relations (4.0.1) are
fully satisfied on every given component field without needing any (space)time differen-
tial condition; the supermultiplet (4.1.1) is thus a proper off-shell representation of N = 4-
extended supersymmetry on the worldline. The special value α= 0 corresponds to the
decomposition of the supermultiplet (4.1.1) into two (2|4|2)-dimensional supermultiplets.
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φ1 φ2 φ5 φ6
ψ1 ψ2 ψ3 ψ4 ψ5 ψ6 ψ7 ψ8
F4 F3 F8 F7
Figure 4.1: The N = 4 Worldline Supermultiplet From Eq (4.1.1).
In turn, the off-shell supermultiplet (4.1.1) cannot be decomposed as a direct sum of
two separate supermultiplets for any α 6= 0. We will refer to α as the “tuning parameter”
of the 1-parameter family of supermultiplets (4.1.1). In fact, the off-shell supermultiplets
of N = 3-extended supersymmetry considered in Refs.[40,?] can be similarly generalized
to depend on a precisely analogous tuning parameter, dialing the “magnitude” of the one-
way QI-transformations connecting the two halves of the supermultiplet; see Figure 4.1.
Those supermultiplets are closely related to the α = 1 version of (4.1.1): except for some
renaming of component fields, one merely needs to drop the fourth supersymmetry and
replace F4 7→ φ4 =
∫
dF4, effectively lowering the corresponding node (top, left) to the
bottom level in the graph in Figure 4.1.
Explicit attempts verify that no component field redefinition can remove the param-
eter α from the supersymmetry transformation rules (4.1.1), so that this table indeed
defines a 1-parameter continuum of distinct off-shell representations of worldline N = 4-
extended supersymmetry.
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4.2 Lagrangians
We now turn to show that the explicit dependence on the tuning parameter α does show
up in the dynamics. To this end, we construct sufficiently general Lagrangians for direct
use in classical applications by means of the ensuing Euler-Lagrange equations, or in quan-
tum models via the partition functional Z[φ∗] :=
∫
D[φ] exp{i∫ dτ L[φ∗+φ, .φ∗+ .φ, . . . ]}, or
simply using the Hamiltonian, H := p· .q − L, corresponding to the chosen Lagrangian.
4.3 Kinetic Terms
Following the procedure employed in Ref.[?], we use the fact that any Lagrangian of the
form
L := −Q4Q3Q2Q1
(
k(φ, ψ, F )
)
(4.3.1)
is automatically supersymmetric, since its δQ := iIQI-transformation necessarily produces
a total τ -derivative. This is the direct adaptation of the construction of the so-called “D-
terms” in standard treatments of supersymmetry[17,24].
Dimensional analysis dictates that for kinetic-type Lagrangians we need k(φ, ψ, F ) to
be bilinear in the component fields φ1, φ2, φ5, φ6; this will produce terms of the form
.
φa
.
φb,
iψα
.
ψβ and FAFB, as appropriate for kinetic terms. Table 4.1 lists the individually super-
symmetric Lagrangian summands obtained this way, after dropping total τ -derivatives. As
shown, the ten bilinear functions k(φ) = ka,bφaφb result in six linearly independent terms,
so we define
LKE~A := −Q4Q3Q2Q1
(
1
2
A1φ
2
1 +
1
2
A2φ
2
2 +
1
2
A3φ
2
5 + A4φ1φ2 + A5φ1φ5 + A6φ1φ6
)
, (4.3.2)
and read off the actual summands from Table 4.1.
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Table 4.1: Supersymmetric Kinetic Lagrangian For α-Supermultiplet
φiφj −Q4(φiφj) := −Q4Q3Q2Q1(φiφj)
1
2
φ 21 +(
.
φ1)
2 + (
.
φ2+αF8)
2 + F 23 + F
2
4 + iψ1
.
ψ1 + iψ2
.
ψ2 + iψ3
.
ψ3 + iψ4
.
ψ4
1
2
φ 22 +(
.
φ1−αF7)2 + (
.
φ2)
2 + (F3−α
.
φ5)
2 + (F4+α
.
φ6)
2 + i(ψ1−αψ8)(
.
ψ1−α
.
ψ8)
+i(ψ2−αψ7)(
.
ψ2−α
.
ψ7) + i(ψ3−αψ6)(
.
ψ3−α
.
ψ6) + i(ψ4−αψ5)(
.
ψ4−α
.
ψ5)
1
2
φ 25 +(
.
φ5)
2 + (
.
φ6)
2 + F 27 + F
2
8 + iψ5
.
ψ5 + iψ6
.
ψ6 + iψ7
.
ψ7 + iψ8
.
ψ8
φ1φ2 −2α
.
φ1F8 + 2α
.
φ2F7 − 2α
.
φ5F4 − 2α
.
φ6F3 + 2α
2F8F7
−2iαψ1
.
ψ5 − 2iαψ2
.
ψ6 + 2iαψ3
.
ψ7 + 2iαψ4
.
ψ8
φ1φ5 +2
.
φ1
.
φ5 − 2
.
φ2
.
φ6 − 2α
.
φ6F8 − 2F3F7 − 2F4F8 + 2iψ1
.
ψ6 − 2iψ2
.
ψ5 − 2iψ3
.
ψ8 + 2iψ4
.
ψ7
φ1φ6 +2
.
φ1
.
φ6 + 2
.
φ2
.
φ5 + 2α
.
φ5F8 − 2F3F8 + 2F4F7 − 2iψ1
.
ψ7 + 2iψ2
.
ψ8 − 2iψ3
.
ψ5 + 2iψ4
.
ψ6
Also, Q4(φ 26 ) ' Q4(φ 25 ), Q4(φ 26 ) ' Q4(φ 25 ), Q4(φ2φ6) ' Q4(φ1φ5), Q4(φ5φ6) ' 0.
For example,
LKE(1,0,1,0,0,0) = (
.
φ1)
2 + (
.
φ2+αF8)
2 + F 23 + F
2
4 + (
.
φ5)
2 + (
.
φ6)
2 + F 27 + F
2
8
+ iψ1
.
ψ1 + iψ2
.
ψ2 + iψ3
.
ψ3 + iψ4
.
ψ4 + iψ5
.
ψ5 + iψ6
.
ψ6 + iψ7
.
ψ7 + iψ8
.
ψ8
(4.3.3)
defines the “standard-looking” kinetic terms for this supermultiplet. Throughout the six
supersymmetric bilinear terms in Table 4.1, the component field φ2 appears only with a
derivative acting on it. Therefore—if the Lagrangian is limited to a linear combination of
only the terms shown in Table 4.1—it is possible to introduce the non-local component
field redefinition
φ2 7→ F2 := (
.
φ2+αF8) and φ2 =
∫
dτ (F2−αF8), (4.3.4)
which would also eliminate the appearance of the continuous parameter α from the “standard-
looking” Lagrangian (4.3.3) and would thus seem to render the supermultiplets (4.1.1)
with various values of α equivalent.
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However, a quick glance at Table 4.1 convinces that the tuning parameter α appears in
numerous other places and in other field combinations. Also,
.
φ2 appears by itself already
in the second row in Table 4.1, so that the component field redefinition (4.3.4) has the
effect
−Q4Q3Q2Q1( 12φ 21 ) = +(
.
φ1)
2 + (
.
φ2+αF8)
2 + . . .
(4.3.4)−−−→ +( .φ1)2 + F 22 + . . . (4.3.5)
−Q4Q3Q2Q1( 12φ 22 ) = +(
.
φ1)
2 + (
.
φ2+αF8)
2 + . . .
(4.3.4)−−−→ +( .φ1−αF7)2 + (F2−αF8)2 + . . .
(4.3.6)
of merely shifting the appearance of the tuning parameter α from one place term to an-
other. Indeed, no component field redefinition can remove the dependence on the contin-
uous parameter α from the general Lagrangian—even if restricted to just the bilinear terms
from Table 4.1.
Many of the summands in the lower portion of Table 4.1 have negative signs, and so
would—if used on their own—contribute negatively to the kinetic energy, i.e., induce non-
positivity of the kinetic energy and non-unitarity in general. However, when used with the
first three supersymmetric sets of kinetic terms (which are positive-definite), it is clear that
unitarity constrains the coefficients Ai in (4.3.2) so that A4, A5, A6 should be sufficiently
smaller than A1, A2, A3. This is similar to the analogous case examined in Ref.[?].
The conclusion is that there remains a 6-dimensional open neighborhood of Lagrangians
that do define unitary quantum models, and most of such models depend explicitly on the
tuning parameter α. This parameter α then must be a genuine, observable characteristic
of the supermultiplet (4.1.1). We conclude that the supermultiplets (4.1.1) which differ
only in a different choice of the parameter α cannot be regarded as physically equivalent
in general. This dependence on the tuning parameter α becomes only more complex in
the general “D-term” Lagrangians (4.3.1).
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In fact, we can strengthen this result even further. Consider two separate supermulti-
plets of the type (4.1.1), and label their separate continuous “tuning parameters” α and β,
respectively:
(φ1, φ2, φ5, φ6|ψ1, · · ·ψ8|F3, F4, F7, F8)α and (ϕ1, ϕ2, ϕ5, ϕ6|χ1, · · ·χ8|G3, G4, G7, G8)β.
(4.3.7)
Now consider even just the bilinear coupling Lagrangians of the form:
LKE~A(α,β) := −Q4Q3Q2Q1
(
A(α)·f(φ) + A(β)·g(ϕ) + A(αβ)·h(φ, ϕ)), (4.3.8)
where A(α)·f(φ) are the bilinear terms (4.3.2) and the A(β)·g(ϕ) terms are constructed in a
precisely analogously way but for the supermultiplet (ϕ|χ|G)β, of course with an indepen-
dent set of six coefficients. Finally, A(αβ)·h(φ, ϕ) represents the mixing terms, constructed
as a general linear combination of the fourteen analogously constructed terms, listed in
Table 4.2.
The expression (4.3.8) then provides a 6+6+14 = 26-parameter continuous family of
bilinear Lagrangians for the two distinct 1-parameter families of supermultiplets. Generic
choices in the 26-dimensional parameter space { ~A(α), ~A(β), ~A(αβ)} define Lagrangians that
depend irremovably on both the tuning parameters α and β, and so provide for dynamical
responses that can be used to observe the values of α and β, and indeed any difference
between them. This then is the practical distinction between (φ|ψ|F )α and (ϕ|χ|G)β, which
makes these two—and any other member of the continuum of supermultiplets (4.1.1)—
off-shell representations ofN = 4-extended supersymmetry that are all usefully inequivalent
in the sense of Ref.[?]. Since α and β may be continuously varied, the existence of the
coupling Lagrangian (4.3.8), even if merely bilinear, proves that there exist a continuum
of usefully inequivalent off-shell supermultiplets (4.1.1) on the worldline.
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Table 4.2: Fourteen Bilinears
φiϕj −Q4(φiϕj) := −Q4Q3Q2Q1(φiϕj)
φ1ϕ1 +2
.
φ1
.
ϕ1 + 2(
.
φ2+αF8)(
.
ϕ2+βG8) + 2F3G3 + 2F4G4 + 2iψ1
.
χ1 + 2iψ2
.
χ2 + 2iψ3
.
χ3 + 2iψ4
.
χ4
φ1ϕ2 +2
.
φ1
.
ϕ2 − 2(
.
φ2+αF8)(
.
ϕ1−βG7)− 2F3(G4+β .ϕ6) + 2F4(G3−β .ϕ5)
+ 2iψ1(
.
χ4−β .χ5) + 2iψ2( .χ3−β .χ6)− 2iψ3( .χ2−β .χ7)− 2iψ4( .χ1−β .χ8)
φ1ϕ5 +2
.
φ1
.
ϕ5 − 2(
.
φ2+αF8)
.
ϕ6 − 2F3G7 − 2F4G8 + 2iψ1 .χ6 − 2iψ2 .χ5 − 2iψ3 .χ8 + 2iψ4 .χ7
φ1ϕ6 +2
.
φ1
.
ϕ6 + 2(
.
φ2+αF8)
.
ϕ5 − 2F3G8 + 2F4G7 − 2iψ1 .χ7 + 2iψ2 .χ8 − 2iψ3 .χ5 + 2iψ4 .χ6
φ2ϕ1 +2
.
φ2
.
ϕ1 − 2(
.
φ1−αF7)( .ϕ2+βG8) + 2(F3−α
.
φ5)G4 − 2(F4+α
.
φ6)G3
+ 2i(ψ4−αψ5) .χ1 + 2i(ψ3−αψ6) .χ2 − 2i(ψ2−αψ7) .χ3 − 2i(ψ1−αψ8) .χ4
φ2ϕ2 +2(
.
φ1−αF7)( .ϕ1−βG7) + 2
.
φ2
.
ϕ2 + 2(F3−α
.
φ5)(G3−β .ϕ5) + 2(F4+α
.
φ6)(G4+β
.
ϕ6)
+ 2i(ψ1−αψ8)( .χ1−β .χ8) + 2i(ψ2−αψ7)( .χ2−β .χ7)
+ 2i(ψ3−αψ6)( .χ3−β .χ6) + 2i(ψ4−αψ5)( .χ4−β .χ5)
φ2ϕ5 +2
.
φ2
.
ϕ5 + 2(
.
φ1−αF7) .ϕ6 − 2(F3−α
.
φ5)G8 + 2(F4+α
.
φ6)G7
− 2i(ψ1−αψ8) .χ7 + 2i(ψ2−αψ7) .χ8 − 2i(ψ3−αψ6) .χ5 + 2i(ψ4−αψ5) .χ6
φ2ϕ6 +2
.
φ2
.
ϕ6 − 2(
.
φ1−αF7) .ϕ5 + 2(F3−α
.
φ5)G7 + 2(F4+α
.
φ6)G8
− 2i(ψ1−αψ8) .χ6 + 2i(ψ2−αψ7) .χ5 + 2i(ψ3−αψ6) .χ8 − 2i(ψ4−αψ5) .χ7
φ5ϕ1 +2
.
φ5
.
ϕ1 − 2
.
φ6(
.
ϕ2+βG8)− 2F7G3 − 2F8G4 − 2iψ5 .χ2 + 2iψ6 .χ1 + 2iψ7 .χ4 − 2iψ8 .χ3
φ5ϕ2 +2
.
φ5
.
ϕ2 + 2
.
φ6(
.
ϕ1−βG7) + 2F7(G4+β .ϕ6)− 2F8(G3−β .ϕ5)
− 2iψ5( .χ3−β .χ6) + 2iψ6( .χ4−β .χ5)− 2iψ7( .χ1−β .χ8) + 2iψ8( .χ2−β .χ7)
φ5ϕ5 +2
.
φ5
.
ϕ5 + 2
.
φ6
.
ϕ6 + 2F7G7 + 2F8G8 + 2iψ5
.
χ5 + 2iψ6
.
χ6 + 2iψ7
.
χ7 + 2iψ8
.
χ8
φ5ϕ6 +2
.
φ5
.
ϕ6 − 2
.
φ6
.
ϕ5 + 2F7G8 − 2F8G7 − 2iψ5 .χ8 − 2iψ6 .χ7 + 2iψ7 .χ6 + 2iψ8 .χ5
φ6ϕ1 +2
.
φ6
.
ϕ1 + 2
.
φ5(
.
ϕ2+βG8) + 2F7G4 − 2F8G3 − 2iψ5 .χ3 + 2iψ6 .χ4 − 2iψ7 .χ1 + 2iψ8 .χ2
φ6ϕ2 +2
.
φ6
.
ϕ2 − 2
.
φ5(
.
ϕ1−βG7) + 2F7(G3−β .ϕ5) + 2F8(G4+β .ϕ6)
+ 2iψ5(
.
χ2−β .χ7)− 2iψ6( .χ1−β .χ8)− 2iψ7( .χ4−β .χ5) + 2iψ8( .χ3−β .χ6)
Also, Q4(φ6ϕ5) ' Q4(φ5ϕ6), Q4(φ6ϕ6) ' Q4(φ5ϕ5).
Incidentally, the same follows for the N = 3 supermultiplet studied in Refs.[40,?],
which is closely related to a special case of (4.1.1).
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4.4 Super-Zeeman Terms
We now turn to Lagrangian terms that are still bilinear, but where dimensional analy-
sis requires an overall dimension-full parameter, of the kind that may be identified as a
Larmor-like frequency, coupling to external magnetic fields[50,?].
In general, we seek functions f(φ, ψ, F ) such that each of
Q3Q2Q1 f(φ, ψ, F ), Q4Q2Q1 f(φ, ψ, F ), Q4Q3Q1 f(φ, ψ, F ), Q4Q3Q2 f(φ, ψ, F )
(4.4.1)
vanished modulo total derivatives. Then, the six quadratic derivatives
Q2Q1 f(φ, ψ, F ), Q3Q1 f(φ, ψ, F ), Q3Q2 f(φ, ψ, F ),
Q4Q1 f(φ, ψ, F ), Q4Q2 f(φ, ψ, F ), Q4Q3 f(φ, ψ, F )
(4.4.2)
are all manifestly supersymmetric: When applying δQ = i·Q, the QI from δQ either equals
one of the two QI ’s used in the definition (4.4.2) and so produces i∂τ by (4.0.1), or it
doesn’t and so reproduces one of the expressions (4.4.1) and again a total τ -derivative by
assumption (4.4.1). Such terms remind of the so-called “F -terms” in standard treatments
of supersymmetry[17,24].
We again restrict to bilinear terms for simplicity, and Table 4.3 presents the linearly
independent such terms, obtained applying only the first batch of three supercharges. The
other three expressions (4.4.1) each produce analogous results with a pattern virtually
identical to the one shown in Table 4.3. The last-row entry, φ5φ6, results in a total τ -
derivative all by itself, and simple row-operations (indicated by braces) show that we can
form three more. Thus each of the 24 terms is a supersymmetric Lagrangian itself.
1
2
QIQJ(φ
2
5 − φ 26 ), QIQJ(φ1φ5 + φ2φ6), QIQJ(φ1φ6 − φ2φ5), QIQJ(φ5φ6) (4.4.3)
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Table 4.3: The Q3Q2Q1-Transforms of Bosonic Bilinears, Modulo τ -derivatives
φiφj −iQ3Q2Q1(φiφj)
1
2
φ1φ1 +
.
φ1ψ4 − (
.
φ2+αF8)ψ1 + F3ψ2 − F4ψ3
1
2
φ2φ2 +(
.
φ1−αF7)(ψ4−αψ5)−
.
φ2(ψ1−αψ8) + (F3−α
.
φ5)(ψ2−αψ7)− (F4+α
.
φ6)(ψ3−αψ6)
1
2
φ5φ5 +
.
φ5ψ7 +
.
φ6ψ6 + F7ψ5 − F8ψ8
1
2
φ6φ6 +
.
φ5ψ7 +
.
φ6ψ6 + F7ψ5 − F8ψ8
}
subtract
φ1φ2 +α[
.
φ1ψ8 + (
.
φ2+αF8)ψ5 − F3ψ6 − F4ψ7 +
.
φ5ψ3 −
.
φ6ψ2 − F7ψ1 − F8ψ4]
φ1φ5 +
.
φ1ψ7 − (
.
φ2+αF8)ψ6 − F3ψ5 + F4ψ8 +
.
φ5ψ4 +
.
φ6ψ1 − F7ψ2 + F8ψ3
φ2φ6 −
.
φ1ψ7 + (
.
φ2+αF8)ψ6 + F3ψ5 − F4ψ8 −
.
φ5ψ4 −
.
φ6ψ1 + F7ψ2 − F8ψ3
}
add
φ1φ6 +
.
φ1ψ6 + (
.
φ2+αF8)ψ7 + F3ψ8 + F4ψ5 −
.
φ5ψ1 +
.
φ6ψ4 − F7ψ3 − F8ψ2
φ2φ5 +
.
φ1ψ6 + (
.
φ2+αF8)ψ7 + F3ψ8 + F4ψ5 −
.
φ5ψ1 +
.
φ6ψ4 − F7ψ3 − F8ψ2
}
subtract
φ5φ6 −∂τ (φ5ψ6+φ6ψ7) ' 0
This list turns out repetitive, and contains only four linearly independent expressions,
listed in Table 4.4 below.
Table 4.4: Super-Zeeman Bilinears Modulo τ -derivatives
Z1 :=φ5F7 − φ6F8 + iψ5ψ7 − iψ5ψ7
Z2 :=φ5F8 + φ6F7 + iψ5ψ6 + iψ7ψ8
Z3 :=φ1F7 + φ2F8 − φ5F3 + φ6F4 − iψ1ψ8 − iψ2ψ7 − iψ3ψ6 − iψ4ψ5
Z4 :=φ1F8 − φ2F7 − φ6F3 − φ5F4 − iψ1ψ5 − iψ2ψ6 + iψ3ψ7 + iψ4ψ8
:=−α(φ5
.
φ6 + iψ5ψ8 + iψ6ψ7)
The most general super-Zeeman type Lagrangian bilinear in the component fields of the
(φ|ψ|F )α supermultiplet is therefore
LSZ~B,α := B1Z1 +B2Z2 +B3Z3 +B4Z4, (4.4.4)
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with the terms Zi listed in Table 4.4. Of these, only the last term contains the expression
B5Z5 = · · · − αB5φ5
.
φ6 + · · · ' · · · − 12αB5(φ5
.
φ6 −
.
φ5φ6) + . . . (4.4.5)
which in Lagrangian physics may be interpreted as the coupling of the magnetic field
B5 to the angular momentum of rotation in the (φ5, φ6)-plane—if the bosons φ5, φ6 are
interpreted as Cartesian coordinates in the target space. The elimination of the auxiliary
fields F3, F4, F7, F8 (and G3, G4, G7, G8) by means of their equations of motion however
induces many additional terms of the type (4.4.5). This justifies the identification of the
terms (4.4.4) and the supersymmetric version of the ~B·~L terms exhibiting the Zeeman
effect.
The four terms in Table 4.4 together with their (φ|ψ|F )α → (ϕ|χ|G)β counterparts and
the 26-parameter Lagrangian (4.3.8) then form the most general, 34-parameter family of
bilinear Lagrangians
LKE~A,α,β + L
SZ
~B,α + L
SZ
~B,β (4.4.6)
for two different supermultiplets from the family (4.1.1). Insuring positivity of the kinetic
energy, and unitarity more generally, restricts these parameters to an open neighborhood
in this 34-dimensional parameter space.
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4.5 Sample Dynamics
Consider the α, dependence on the Lagrangian (4.3.2), with ~A′ = ( 1
2
a, 1
2
b, 1
2
c, 0, 0, 0) and
focus only on the bosonic fields:
LKE~A′ =
1
2
a
[ .
φ 21 + (
.
φ2 + αF8)
2 + F 23 + F
2
4
]
+ 1
2
b
[
(
.
φ1−αF7)2 +
.
φ 22 + (F3−α
.
φ5)
2 + (F4+α
.
φ6)
2
]
+ 1
2
c
[ .
φ 25 +
.
φ 26 + F
2
8 + F
2
7
]
+ . . .
(4.5.1)
where the ellipses denote the omitted fermionic terms. The Euler-Lagrange equations of
motion for F3, F4, F7, F8 are of course algebraic and produce the classical relationships such
as F8 =
(
αa
α2 a+c
) .
φ2. Substituting these back into the Lagrangian yields
LKE~A′
∣∣
FA
= 1
2
(
a+ bc
α2b+c
) .
φ 21 +
1
2
(
b+ ac
α2a+c
) .
φ 22 +
1
2
(
c+α
2ab
a+b
) .
φ 25 +
1
2
(
c+α
2ab
a+b
) .
φ 26 + . . . (4.5.2)
changing the effective masses of the bosonic fields φ1, φ2, φ5, φ6—and in three different
ways, breaking the usual supersymmetric degeneracy1 . In turn, the 3-parameter family of
Hamiltonians computed from the Lagrangians (4.5.1) turns out to be:
H ~A′ =
pi 21
2(a+b)
+ α bF7
a+b
pi1 − 12
(
c+α
2ab
a+b
)
F 27 +
pi 22
2(a+b)
− αaF8
a+b
pi2 − 12
(
c+α
2ab
a+b
)
F 28
+
pi 25
2(α2b+c)
+ α bF3
α2b+c
pi5 − 12
(
a+ bc
α2b+c
)
F 23 +
pi 26
2(α2b+c)
− α bF4
α2b+c
pi6 − 12
(
a+ bc
α2b+c
)
F 24 ,
(4.5.3)
where
pi1 := (a+b)
.
φ1−αbF7, pi2 := (a+b)
.
φ2+αaF8,
pi5 := (α2b+c)
.
φ5−αbF3, pi6 := (α2b+c)
.
φ6+αaF4
(4.5.4)
1 After the auxiliary fields F3, F4, F7, F8 have been eliminated, even the number of bosons (now four)
and fermions (still eight) is unequal. A detailed study of the normal modes is necessary to ascertain if
supersymmetry is broken or not, and that can typically only be done for concrete choices of most of the
numerous parameters involved; see for example Ref.[50]. We defer this to a later effort.
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are the canonically conjugate momenta. The Hamiltonian (4.5.3) may therefore be under-
stood as the auxiliary fields FA parametrizing a viscous damping/boosting, depending on
the sign of the particular FApia-term, the magnitude/intensity of which is controlled by the
tuning parameter α.
In turn, the Lagrangian
LKE~A′ +B5Z5 (4.5.5)
describes a typical coupling to an external magnetic field B5. For example, the correspond-
ing equations of motion for (φ5, φ6) are
c
..
φ5 + αB5
.
φ6 = 0 = c
..
φ6 − αB5
.
φ5, (4.5.6)
which have standard oscillatory solutions
φ5 = C1 + C2 cos(ωτ) + C3 sin(ωτ) and φ6 = C4 − C3 cos(ωτ) + C2 sin(ωτ), (4.5.7)
where, predictably, ω := αB5
c
is the Larmor-like frequency of magnetically induced rota-
tions in the (φ5, φ6)-plane. Quantum-mechanically, the energy levels in this system will
become split by integral multiples of ~ω = ~αB5
c
, which is proportional to both the magni-
tude of the external magnetic field as usual in the Zeeman effect, and also to the tuning
parameter α. Distinct supermultiplets (4.3.7) then respond to this external magnetic field
differently, and a system with two such distinct supermultiplets will respond to the external
magnetic field in a way that depends on the nonzero difference (α−β). This proves that the
value of the tuning parameter α is physically observable, and that distinct supermultiplets
of the type (4.3.7) are usefully inequivalent[?].
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4.6 Summation
We have presented a 1-parameter continuous family of off-shell supermultiplets (4.1.1) of
N = 4 worldline supersymmetry, which is closely related to the off-shell supermultiplets
studied in Refs.[40,?]. In fact, all of the qualitative conclusions from study of (4.1.1)
apply just as well to those N = 3 off-shell supermultiplets.
The supermultiplet (4.1.1) exhibits an explicit, continuously variable “tuning parame-
ter,” labeled α, the value of which controls the relative “magnitude” in the binomial results
of applying the supercharges on the component fields. By virtue of the existence of these
binomial terms, the supermultiplet (4.1.1) may be thought of as a network of Adinkras[2]
connected by one-way edges, as depicted in Figure 4.1.
For this continuous family of off-shell supermultiplets, we have constructed a 34-
parameter family of general bilinear Lagrangians (4.4.6) which:
1. generalize the “standard” kinetic terms (4.3.3) into a 6-parameter family of La-
grangians (4.3.2),
2. couple/mix two off-shell supermultiplets of the same type (4.1.1), each with a dif-
ferent value of the “tuning parameter,” given as a 14-parameter linear combination
of the terms listed in Table 4.2, and
3. couple such supermultiplets to external magnetic fields inducing a variant of the
super-Zeeman effect, given as a 4-parameter linear combination of the terms listed
in Table 4.4.
Using the constructions described in Section 4.2, these Lagrangians can be generalized
to include: (a) higher order interaction terms, and (b) couplings to additional and still
differently tuned supermultiplets from the family (4.1.1).
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Section 4.5 then demonstrates that the multi-dimensional parameter space of these
Lagrangians admits an open neighborhood where the kinetic energy is guaranteed to be
positive, indicating unitarity in the corresponding quantum theory. Except for very spe-
cial choices within this parameter space, the Lagrangians explicitly depend on the tuning
parameter α of the supermultiplet (4.1.1), and in ways that have direct dynamical conse-
quences, and observably affect the response of these supermultiplets to probing by external
magnetic fields.
Furthermore, the wealth and diversity of even just the bilinear coupling/mixing terms
listed in Table 4.2 indicates that supermultiplets with a different choice of the tuning
parameter are indeed observably different, and so usefully inequivalent in the sense of
Ref.[?]. As the same analysis applies just as well for the infinite sequence of supermul-
tiplets discussed in Ref.[40], we thus have clear proof that off-shell supermultiplets of
worldline N -extended supersymmetry without central extensions form a physically ob-
servable continuum.
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CHAPTER 5: IMPRESSIONS AND FUTURE DIRECTIONS
Using an off-shell, supermultiplet gauge quotient we’ve shown that iterating supercharge
transformations on Adinkras of N = 3, results in (3|4|1)⊕(2|4|2) Adiankraic networks,
the bilinear reduction (connectivity) of which is rooted in its unusual gauge choice se-
lection tray. The method algorithmically set off chains of (super) algebraic paradigms
with higher order generalizations to N, d and networked quotients. This seen as a launch
point into Geometric Adinkraic Invariant Theory (GAIT). With the intent to study theo-
retical consequences that arise purely from SUSY, we generated Lagrangian templates of
13 independent parameter families, from which 7 (Zeeman) fluxes, 5 of orbital angular
momentum, emerged. Nontrivial (B-field) responses in planes and volumes spanned by
bosonic scalar fields were derived and a pair there from of B-field couplings produces nor-
mal modes of incommensurate frequency in proportion to the Golden Ratio. The natural
extension:N = 34, yields the Chiral-Chiral (CC) and Chiral-Twisted-Chiral (CTC) super-
multiplets. While all kinetic and Z-terms for the CC are found to be Q4 SUSY, only the
1st two kinetic and 1st four Z-terms close Q4 supersymmetrically for the CTC, thereby
presenting an obstruction. A pair of subsequent (2|4|2) connected Adiankraic networks
were designed, distinct from one another by inserted, tuning parameters coefficients. Su-
percharge actions then produced mirror, 34-parameter bilinear Lagrangians, from which
X-phase interactions were investigated, and the Lagrangians found to be dependent on
unremovable phase differences. Collectively, these milestones are envisaged to be the in-
cipient steps in the direction of off-shell topological evaluations of classical and quantum
path integrals. In the following section, an immediate extension is presented for mov-
ing forward into Adiankraic tensor product interactions and topological, phase difference
dependence upon Q-sequence control.
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5.1 A Stencil of Infinitely Many Lagrangian Interactions
One way to introduce non-linearity in the dynamics initially described by the Lagrangian (4.3.2)
is to make the six parameters Aa into analytic functions of the component fields φ1, · · ·, φ5,
ψ1, · · ·, ψ8 and F1, F2, F3, and then restrict them by requiring the Lagrangian to be super-
symmetric.
However, gA pair of subsequent (2—4—2) connected Adiankraic networks were de-
signed, distinct from one another by inserted, tuning parameters coefficients. Supercharge
actions then produced mirror, 34-parameter bilinear Lagrangians, from which X-phase in-
teractions were investigated, and the Lagrangians found to be dependent on unremovable
phase differences. Collectively, these milestones are envisaged to be the incipient steps
in the direction of off-shell topological evaluations of classical and quantum path inte-
grals. iven the mass-dimensions (3.2.3) and by a straightforward iteration of the compu-
tation (3.2.2), it is clear that the quantities
L EG[p,q,r](~C) = Q3Q2Q1
[
Ci1···ipkˆ1···kˆ(2q+1)m1···mr φi1 · · ·φip ψkˆ1 · · ·ψkˆ(2q+1) Fm1 · · ·Fmr
]
, (5.1.1)
with p, r = 0, 1, 2, 3, . . . , and q = 0, 1, 2, 3,
[L EG[p,q,r](~C)] = 3(+
1
2
) + (0) + p(−1
2
) + (2q+1)(0) + r(+1
2
) =
3−p+r
2
. (5.1.2)
are all supersymmetric, for arbitrary coefficients C ... . The quantity L[p,q,r](~C) is bosonic
and an analytic function of the fields. Given that the numerical constants Ci1···ipkˆ1···kˆ(2q+1)m1···mr
are at this stage all arbitrary, it is always possible to fuse all possibly different mass-
parameters of a theory into one, the ratios of the different mass-parameters in any de-
sired, particular application being encoded in the choice of the dimensionless parameters
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Ci1···ipkˆ1···kˆ(2q+1)m1···mr . Therefore, with a suitable mass-parameter m,
L EG~C :=
∞∑
p,r=0
m
p−r−1
2
3∑
q=0
L EG[p,q,r](~C) (5.1.3)
is an infinitely large family of manifestly supersymmetric Lagrangians for the supermulti-
plet (3.0.1); since there are only eight fermions, fermionic monomials cannot be of order
higher than 8, limiting q as indicated. For quantum mechanics in general, and as well for
supersymmetric quantum mechanics, concerns of renormalization do not limit the order of
the Lagrangian as they do for field theory in higher-dimensional spacetimes. Also, owing to
the standard mass-dimension of scalar fields being negative, dimensionless combinations
such as (φiFm) and (mφiφj) may occur in the Lagrangian to arbitrary nonnegative powers.
Although dimensionless, the fermions may appear only in monomials of total degree up to
eight owing to their anti-commutativity.
Of these, only the linear combination
L EG[0,0,0](~C) := Q3Q2Q1(C
kˆψkˆ)
= C1(
..
φ3+
.
F3)− C2
..
φ2 + C
3
.
F1 − C4
..
φ1 − C5
..
φ5 − C6
..
φ4 − C7
.
F2 + C
8
.
F3
(5.1.4)
is necessarily a trivial total time-derivative. TheL[1,0,0] term in the infinite sum (5.1.3) con-
tains the nontrivialL ~A in (4.3.2); all other terms parametrize (nonlinear) self-interactions
of the supermultiplet (φi|ψkˆ|Fm). Consider the simple choice
Q3Q2Q1(φ
3
1 ψ4)
= −6ψ1ψ2ψ3ψ4 − 6iφ1
[
F1(ψ1ψ2+ψ3ψ4) +
.
φ2(ψ1ψ3−ψ2ψ4) + (
.
φ3+F3)(ψ1ψ4+ψ2ψ3)
]
+ 3iφ 21 (ψ1
.
ψ1 + ψ2
.
ψ2 + ψ3
.
ψ3 + ψ4
.
ψ4) + 3φ
2
1
[ .
φ 21 +
.
φ 22 + (
.
φ3+F3)
2 + F 21
]−∂τ (φ 31 .φ1)
(5.1.5)
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already provides fairly nontrivial interactions between the component fields of the left-
hand side portion (as depicted in Figure 3.1) of the supermultiplet (3.0.1), involving a
component field of the right-hand side only through the persistent appearance of the bino-
mial (
.
φ3+F3). This is the only mixing with the component fields of the right-hand half (as
depicted in Figure 3.1) of the supermultiplet (3.0.1). Adding an M -multiple of (5.1.5) to
the standard kinetic terms (4.3.3) produces the equations of motion for the auxiliary fields
δF1L = 0 : F1 → 6M
iφ1(ψ1ψ2+ψ3ψ4)
1 + 6Mφ 21
, (5.1.6a)
and δF3L = 0 : F3 →
6M [iφ1(ψ1ψ2+ψ3ψ4)− φ1
.
φ3]−
.
φ3
2(1 + 3Mφ 21 )
. (5.1.6b)
Substituting this back into the Lagrangian (4.3.3)+M ·(5.1.5) and expanding the numera-
tors into geometric series clearly induces highly nontrivial and nonlinear dynamics.
Addionally, the construction of Lemma 3.3.1 that produced L SZ~B may also be general-
ized by selecting analytic bosonic “superpotentials”
z(φ, ψ, F ) := Zi1···ip kˆ1···kˆ2qm1···mr φi1 · · ·φip ψkˆ1 · · ·ψkˆ2q Fm1 · · ·Fmr ,
such that Q3Q2Q1 z(φ, ψ, F ) ' 0 (mod ∂τK), K = K(φ, ψ, F ) analytic,
(5.1.7)
with q = 0, · · · 4, but p, r ∈ N. This provides even more supersymmetric linear combina-
tions of interactive terms, spanned by the linearly independent of the expressions
Q1Q2
[
z(φ, ψ, F )
]
, Q1Q3
[
z(φ, ψ, F )
]
and Q2Q3
[
z(φ, ψ, F )
]
. (5.1.8)
We redefine the non-linear Lagrangian (5.1.3) so as to include also these terms.
The supersymmetric Lagrangian summands of the form (5.1.3) are formally analo-
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gous to the so-called “D-terms” within standard constructions with simple supersymmetry
in 4-dimensional spacetime[17,32,24,25]. In turn, the supersymmetric Lagrangian terms
of the form (5.1.8) subject to (5.1.7), are the formal analogues of the so-called (super-
potential) “F -terms”[17,32,24,25]: There, the Lagrangian terms are obtained as iterated
Q-transforms of a superpotential by a subset (one half) of the supercharges, such that
the superpotential is annihilated (up to total τ -derivatives) by the complementary subset
of the supercharges. Analogously, the generalized super-Zeeman Lagrangian terms are
here obtained as QIQJ -transforms of a “superpotential,” requiring that the full (triple) Q-
transform of this “superpotential” is a total τ -derivative. Chapter 4 on the Q-Continuum is
essentially the 1st line of an Adiankraic multiplication. The afore nonlinearization of the
coefficients, made a function of the component fields themselves, offers a way to perform
a parallel check of the resultant tensor products as well as a way to condense new SUSY
action formalisms. In tandem these avenues of research are indeed ”works in progress” as
a framework for worldsheet extensions, the direct applications being the tracking of higher
order flux-form emergences, off-shell evaluations of Feynman path integrals and nonlinear
sigma models.
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APPENDIX A: TENSOR ANALYSIS FOR N = 3
73
The component fields of this (1|3)-superfield, X, are defined by means of superderiva-
tive projections[17,25]
x := X|, ξI := iDIX|, (A.0.1a)
XI := i
2!
εIJK D[JDK]X|, Ξ := − 13!εIJK D[IDJDK]X|, (A.0.1b)
where ‘|’ indicates projection to the (bosonic) worldline subspace of the (1|3)-superspace,
i.e., setting the (fermionic) superspace coordinates θI to zero and the numerical coeffi-
cients are chosen for later convenience. A bosonic intact supermultiplet thus consists of
the component fields
X = (x | ξ1, ξ2, ξ3 | X1, X2, X3 | Ξ) (A.0.2)
and we refer to it as (1|3|3|1)-dimensional representation of the worldline 3-supersymmetry.
The indicated basis of component fields is graded by their relative engineering dimension
[ξI ] = [x] +
1
2
, [XI ] = [ξI ] +
1
2
= [x] + 1, [Ξ] = [XI ] + 1
2
= [ξI ] + 1 = [x] +
3
2
. (A.0.3)
Using (1.1.4), we compute:
QI(x) = iDI(X)
∣∣ = ξI , (A.0.4a)
QI(ξJ) = −iDI(iDJX)
∣∣ = [iδIJ∂τ + D[IDJ ]]X∣∣ = iδIJ .x− iεIJK XK , (A.0.4b)
QI(X
J) = iDI(
i
2!
εJKL D[KDL]X)
∣∣ = −εJKL[iδI[KDL]∂τ + 12D[IDKDL]]X∣∣ = εIJK .ξK + δIJ Ξ,
(A.0.4c)
QI(Ξ) = −iDI(− 13!εJKLDJDKDLX)
∣∣ = i
3!
εJKL
[
0 + 3iδI[JDKDL]∂τ
]
X
∣∣ = iδIJ .XJ ,
(A.0.4d)
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and summarize this in tabular form:
x ξ1 ξ2 ξ3 X
1 X2 X3 Ξ
Q1: ξ1 i
.
x −iX3 iX2 Ξ .ξ3 −
.
ξ2 i
.
X1
Q2: ξ2 iX
3 i
.
x −iX1 − .ξ3 Ξ
.
ξ1 i
.
X2
Q3: ξ3 −iX2 iX1 i .x
.
ξ2 −
.
ξ1 Ξ i
.
X3
(A.0.5)
This makes it evident that in X, each QI-transformation of each of the component fields
consists of a constant multiple of precisely one other component superfield or its ∂τ -
derivative and so can be depicted by the Adinkra[2]:
Ξ
X3 X2 X1
ξ1 ξ2 ξ3
x
or simply
(A.0.6)
where the dashed edges encode the negative signs in (A.0.5), and the nodes are drawn
at heights proportional to the engineering dimension (A.0.3) of the component fields that
they depict.
The component fields of the kth of such (1|3)-superfields, Yk, are defined by the su-
perderivative projections[17,25]:
ηk := Yk|, YkJ := −DJYk|, (A.0.7a)
Υk
I := − i
2!
εIJKD[JDK]Yk|, Yk := i3!εJKLD[JDKDL]Yk|. (A.0.7b)
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A fermionic intact supermultiplet thus consists of the component fields
Yk = (ηk | Yk1, Yk2, Yk3 | Υk1,Υk2,Υk3 | Yk), (A.0.8)
where
[YkJ ] = [ηk] +
1
2
, [Υk
J ] = [YkJ ] +
1
2
= [ηk] + 1, [Yk] = [ΥkJ ] + 12 = [YkJ ] + 1 = [ηk] + 32 .
(A.0.9)
For the components (A.0.1) of the intact (1|3)-supermultiplet we compute:
QJ(ηk) = −iDJ(Yk)
∣∣ = i(−DJYk)∣∣ = iYkJ , (A.0.10a)
QJ(YkK) = iDJ(−DKYk)
∣∣ = −i[iδJK∂τ + D[JDK]]Yk∣∣ = δJK .ηk + ΥkLεJKL, (A.0.10b)
QJ(Υk
K) = −iDI( i2!εKLM D[LDM ]Yk)
∣∣ = εKLM [iδI[LDM ]∂τ + 12D[IDLDM ]]Yk∣∣,
= −i εJKL
.
YkL + iδ
K
J Yk, (A.0.10c)
QJ(Yk) = iDJ( i3!εKLMDKDLDMYk)
∣∣ = − 1
3!
εKLM
[
0 + 3iδJ [KDLDM ]∂τ
]
Yk
∣∣ = δJK .ΥkK ,
(A.0.10d)
which are summarized in a tabular manner:
ηk Yk1 Yk2 Yk3 Υk
1 Υk
2 Υk
3 Yk
Q1: iYk1
.
ηk Υk
3 −Υk2 iYk −i
.
Yk3 i
.
Yk2
.
Υk
1
Q2: iYk2 −Υk3 .ηk Υk1 i
.
Yk3 iYk −i
.
Yk1
.
Υk
2
Q3: iYk3 Υk
2 −Υk1 .ηk −i
.
Yk2 i
.
Yk1 iYk
.
Υk
3
(A.0.11)
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and so may be depicted by the Adinkra:
Yk
Υk
3 Υk
2 Υk
1
Yk1 Yk2 Yk3
ηk
or simply
(A.0.12)
Notice that the fermionic intact Adinkra (A.0.18) equals the bosonic intact Adinkra (A.0.6),
drawn however upside-down. Equivalently, one can obtain (A.0.18) by re-drawing (A.0.6)
with the statistics/color of the nodes flipped (white↔ black) and flipping the sign of the
upper half of the nodes.
Given the original component field definitions (A.0.1), we easily compute the compo-
nent field expressions of the superdifferential “gradient” (iDIX):
(iDIX)| = ξI , (A.0.13a)
iDJ(iDIX)| = −
[
iδIJ∂τ −D[IDJ ]
]
X| = −iδIJ .x− iεIJKXK , (A.0.13b)
iD[JDK](iDIX)| = −
[
2iD[JδK]I∂τ + D[IDJDK]
]
X| = 2δI[J
.
ξK] + εIJK Ξ, (A.0.13c)
D[JDKDL](iDIX)| = i
[
3iD[JDKδL]I∂τ
]
X| = εJKL δIM
.
XM . (A.0.13d)
Notice that ξI occurs at lowest level (A.0.13a), and that only the τ -derivative of x occurs
and at the second level (A.0.13b). We have thus defined a supermultiplet
LI = (λI | L0, L1, L2, L3 | Λ), (A.0.14)
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for which the identification LI = (iDIX) induces the component-level identifications
λI = (iDIX)| = ξI , (A.0.15a)
L0 = i
3
δIJ
(
iDI(iDJX)
)∣∣ = − i
3
([∑3
I=1i∂τ
]
X
)∣∣∣ = .x, (A.0.15b)
LI = 1
2i
IJK
(
iDJ(iDKX)
)| = 1
2!
IJK(iDJDKX)| = XI , (A.0.15c)
Λ = 1
3!
IJK
(
iDIDJ(iDKX)
)| = 1
3!
IJK(−DIDJDKX)| = Ξ. (A.0.15d)
Owing to the relation LI = (iDIX), the supermultiplet satisfies the superderivative con-
straints:
D1L1 = D2L2 = D3L3, and DILJ = −DJLI , I 6= J. (A.0.16)
In turn, the superderivative constraints (A.0.16) may be solved by setting LI = (iDIX).
This relationship allows reading off the supersymmetry transformation rules for LI
from those for the bosonic intact supermultiplet (A.0.4). In tabular form, akin to Ta-
ble (A.0.5), these are:
λ1 λ2 λ3 L
0 L1 L2 L3 Λ
Q1: iL
0 −iL3 iL2 .λ1 Λ
.
λ3 −
.
λ2 i
.
L1
Q2: iL
3 iL0 −iL1 .λ2 −
.
λ3 Λ
.
λ1 i
.
L2
Q3: −iL2 iL1 iL0
.
λ3
.
λ2 −
.
λ1 Λ i
.
L3
(A.0.17)
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and are depicted by the Adinkra
Λ
L3 L2 L1 L0
λ1 λ2 λ3
or simply
(A.0.18)
The relation LI = (iDIX) in fact provides a mapping from the bosonic intact super-
multiplet X to the constrained (A.0.16) supermultiplet triple (L1,L2,L3):
X iDI−−−→ LI
∣∣
(A.0.16). (A.0.19)
The identifications (A.0.15) make this mapping explicit at the level of component fields
and show that this mapping is almost 1–1: all the component fields are identified exactly,
except for L0 = .x, which omits the constant mode in any power-expansion of x = x(τ).
Therefore,
ker
(
X iDI−−−→ LI
)
= x(0), (A.0.20)
and the sequence of maps (with ι denoting the simple identification map)
0→ x(0) ι−→ X iDI−−−→ LI , or x(0) ι↪→ X iDI−−−→ LI , (A.0.21)
is said to be exact: the kernel of every map is the image of the preceding map. Indeed,
the map ι identifies x(0) with the constant mode in a power expansion of x(τ). Then,
1. image
(
0→ x(0)) = 0 = ker(ι);
2. image
(
x(0)
ι−→ X) = x(0) = ker(iDI).
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In particular, iDI ◦ ι ≡ 0. Equally importantly, the maps (anti)commute with the supersym-
metry generators, [QI , ι] = 0 = {QI , iDJ}, and so are supersymmetry-preserving. One
then says that the whole sequence of maps (A.0.21) is supersymmetry-equivariant . It is
this exactness of the sequence of supersymmetry-preserving maps and the fact that the maps
satisfy the definition 2.5.1 that permits defining the off-shell supermultiplet LI in terms of
the off-shell supermultiplet X.
This same exactness of the sequence of supersymmetry-preserving and definition 2.5.1-
abiding maps also holds throughout the semi-indefinite zig-zag sequence (2.6.2)–(2.6.3).
This guarantees that the indefinitely many supermultiplets defined in its peaks and valleys
of (2.6.2)–(2.6.3) are all proper off-shell supermultiplets because those in the horizontal
sequence (the direct sums of increasingly more intact supermultiplets) are.
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APPENDIX B: ACTION CALCULATIONS
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The computation of the kinetic Lagrangian terms (3.2.1) proceeds by straightforward
use of the transformations specified in Table 3.0.1, For example:
Q1Q2Q3(φ2ψ2) ' −
[ .
φ 21 +
.
φ 22 + (
.
φ3 +F3)
2 +F 21 + iψ1
.
ψ1 + iψ2
.
ψ2 + iψ3
.
ψ3 + iψ4
.
ψ4
]
, (B.0.1)
which appears in the first row of Table 3.1. The relation “'” denotes equality up to total
time-derivatives, but we have not made use of related (anti)symmetrizations such as
iψ2
.
ψ2 =
i
2
(ψ2
.
ψ2 −
.
ψ2 ψ2) +
i
2
(ψ2
.
ψ2 +
.
ψ2 ψ2) =
i
2
(ψ2
.
ψ2 −
.
ψ2 ψ2) + i∂τ (ψ2 ψ2 = 0)
= i
2
(ψ2
.
ψ2 −
.
ψ2 ψ2), etc.
(B.0.2)
The terms (B.0.1) clearly form one specific subset of the terms in the Lagrangian (4.3.2).
The forty manifestly supersymmetric terms Q3Q2Q1(φiψkˆ) are listed in Table B.1, ex-
panded and reduced modulo total time-derivatives. Several of the entries turn out to be
total time-derivatives, and so produce a vanishing entry. To illustrate this, consider the
case when ψkˆ is in fact a supersymmetric partner of φi:
Q3Q2Q1(φ2ψ1) = Q2Q1Q3
[
φ2 (−Q3φ2)
]
= −Q2Q1Q3
[
1
2
Q3(φ
2
2 )
]
= − i
2
∂τ [Q2Q1 φ
2
2 ] ' 0.
(B.0.3)
Furthermore, Table B.1 contains many redundancies, owing to identities of the following
type:
Q3Q2Q1(φ2ψ6) = Q3Q2Q1
[
φ2 (−Q1φ5)
]
= Q3Q2Q1
[−Q1(φ2 φ5) + (Q1φ2)φ5],
= −Q12Q3Q2
[
φ2 φ5
]
+Q3Q2Q1
[
(Q1φ2)φ5
]
,
= −i∂τ
[
Q3Q2(φ2 φ5)
]
+Q3Q2Q1
[
ψ3 φ5
] ' Q3Q2Q1[φ5ψ3]. (B.0.4)
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Table B.1: Supersymmetric Expressions Q3Q2Q1(φiψkˆ)
φiψkˆ: The Kinetic Lagrangian TermsQ
3(φiψkˆ) := Q3Q2Q1(φiψkˆ)
φ1ψ1: ∂τ
[
φ1(F3+
.
φ3)− iψ2ψ3
]
φ1ψ2: −∂τ
[
φ1
.
φ2 − iψ1ψ3
]
φ1ψ3: ∂τ
[
F1φ1 − iψ1ψ2
]
φ1ψ4: F
2
1 + (F3+
.
φ3)
2 +
.
φ1
.
φ1 +
.
φ2
.
φ2 + iψ1
.
ψ1 + iψ2
.
ψ2 + iψ3
.
ψ3 + iψ4
.
ψ4 −∂τ [φ1
.
φ1
]
φ1ψ5: F1F2 − F3(
.
φ2−
.
φ4) +
.
φ1
.
φ5 +
.
φ3
.
φ4 − iψ1
.
ψ6 + iψ2
.
ψ8 − iψ3
.
ψ7 + iψ4
.
ψ5 −∂τ [φ1
.
φ5 + iψ4ψ5
]
φ1ψ6: −F2
.
φ2 − F3(F1+
.
φ5) +
.
φ1
.
φ4 −
.
φ3
.
φ5 + iψ1
.
ψ5 − iψ2
.
ψ7 − iψ3
.
ψ8 + iψ4
.
ψ6 −∂τ [φ1
.
φ4 + iψ4ψ6
]
φ1ψ7: −F1
.
φ5 + F2
.
φ1 + F3(F3+
.
φ3) +
.
φ2
.
φ4 + iψ1
.
ψ8 + iψ2
.
ψ6 + iψ3
.
ψ5 + iψ4
.
ψ7 −∂τ [F2φ1 + iψ4ψ7
]
φ1ψ8: −F1
.
φ4 + F2(F3+
.
φ3)− F3
.
φ1 −
.
φ2
.
φ5 − iψ1
.
ψ7 − iψ2
.
ψ5 + iψ3
.
ψ6 + iψ4
.
ψ8 +∂τ [F3φ1 − iψ4ψ8
]
φ2ψ1: ∂τ
[
F3φ2 + φ2
.
φ3 − iψ3ψ4
]
φ2ψ2: = Q
3(φ1ψ4) +∂τ
[
φ1
.
φ1 − φ2
.
φ2
]
φ2ψ3: ∂τ
[
F1φ2 + iψ1ψ4
]
φ2ψ4: −∂τ
[ .
φ1φ2 + iψ1ψ3
]
φ2ψ5: = −Q3(φ1ψ8) +∂τ
[
F3φ1 − φ2
.
φ5 − iψ2ψ5 − iψ4ψ8
]
φ2ψ6: = Q
3(φ1ψ7) +∂τ
[
F2φ1 − φ2
.
φ4 − iψ2ψ6 + iψ4ψ7
]
φ2ψ7: = −Q3(φ1ψ6)−∂τ
[
φ1
.
φ4 + F2φ2 + iψ2ψ7 + iψ4ψ6
]
φ2ψ8: = Q
3(φ1ψ5) +∂τ
[
F3φ2 + φ1
.
φ5 − iψ2ψ8 + iψ4ψ5
]
φ3ψ1: −F1(F1+
.
φ5) + F2
.
φ1 − (F3+
.
φ3)
.
φ3 −
.
φ1
.
φ1 −
.
φ2(
.
φ2−
.
φ4) +∂τ
[
(F3+
.
φ3)φ3 − iψ2ψ6 − iψ3ψ5 − iψ4ψ7
]
− iψ1(
.
ψ1−
.
ψ8)− iψ2(
.
ψ2−
.
ψ6)− iψ3(
.
ψ3−
.
ψ5)− iψ4(
.
ψ4−
.
ψ7)
φ3ψ2: = Q
3(φ1ψ5) +∂τ
[
φ1
.
φ5 −
.
φ2φ3 + iψ1ψ6 + iψ3ψ7
]
φ3ψ3: = −Q3(φ1ψ6) +∂τ
[
F1φ3 − φ1
.
φ4 + iψ1ψ5 + iψ2(ψ4−ψ7)
]
φ3ψ4: = Q
3(φ1ψ8)−∂τ
[
(F3−
.
φ3)φ1 + ∂τ (φ1φ3)− iψ1ψ7 + iψ2(ψ3−ψ5) + iψ3ψ6 − iψ4ψ8
]
φ3ψ5: = −Q3(φ1ψ6)−∂τ
[
φ1
.
φ4 + φ3
.
φ5 − iψ1
.
ψ5 + i(ψ4+ψ7)ψ6
]
φ3ψ6: = Q
3(φ1ψ5) +∂τ
[
φ1
.
φ5 − φ3
.
φ4 + iψ1ψ6 + i(ψ4−ψ7)ψ5
]
φ3ψ7: = Q
3(φ1ψ8)−∂τ
[
F2φ3 + F3φ1 − iψ1ψ7 − iψ4ψ8 + iψ5ψ6
]
φ3ψ8: F1
.
φ5 + F2(F2−
.
φ1)− F3
.
φ3 −
.
φ2
.
φ4 +
.
φ4
.
φ4 +
.
φ5
.
φ5 +∂τ
[
F3φ3 + iψ1ψ8
]
− i(ψ1−ψ8)
.
ψ8 − i(ψ2−ψ6)
.
ψ6 − i(ψ3−ψ5)
.
ψ5 − i(ψ4−ψ7)
.
ψ7
φ4ψ1: = −Q3(φ1ψ5) +∂τ
[
(F3+
.
φ3)φ4 − φ1
.
φ5 + iψ2ψ8 − iψ3ψ7
]
φ4ψ2: = Q
3(φ1ψ7) +∂τ
[
F2φ1 − φ4
.
φ2 − i
.
ψ1ψ8 − iψ3ψ5
]
φ4ψ3: = Q
3(φ1ψ8) +∂τ
[
F1φ4 − F3φ1 + iψ1ψ7 + iψ2ψ5
]
φ4ψ4: = Q
3(φ1ψ6) +∂τ
[
φ1
.
φ4 −
.
φ1φ4 − iψ1ψ5 + iψ2ψ7 + iψ3ψ8 + iψ4ψ6
]
φ4ψ5: −∂τ
[
φ4
.
φ5 + iψ7ψ8
]
φ4ψ6: F
2
2 + F
2
3 +
.
φ4
.
φ4 +
.
φ5
.
φ5 + iψ5
.
ψ5 + iψ6
.
ψ6 + iψ7
.
ψ7 + iψ8
.
ψ8 −∂τ
[
φ4
.
φ4
]
φ4ψ7: −∂τ
[
F2φ4 − iψ5ψ8
]
φ4ψ8: ∂τ
[
F3φ4 − iψ5ψ7
]
φ5ψ1: = Q
3(φ1ψ6) +∂τ
[
F3φ5 + φ1
.
φ4 +
.
φ3φ5 + iψ2ψ7 + iψ3ψ8
]
φ5ψ2: = −Q3(φ1ψ8) +∂τ
[
F3φ1 −
.
φ2φ5 − iψ1ψ7 + iψ3ψ6
]
φ5ψ3: = Q
3(φ1ψ7) +∂τ
[
F1φ5 + F2φ1 − iψ1ψ8 − iψ2ψ6
]
φ5ψ4: = Q
3(φ1ψ5) +∂τ
[
+ φ1
.
φ5 −
.
φ1φ5 + iψ1ψ6 − iψ2ψ8 + iψ3ψ7 + iψ4ψ5
]
φ5ψ5: = Q
3(φ4ψ6) +∂τ
[
φ4
.
φ4 + φ5
.
φ5
]
φ5ψ6: −∂τ
[ .
φ4φ5 − iψ7ψ8
]
φ5ψ7: −∂τ
[
F2φ5 + iψ6ψ8
]
φ5ψ8: ∂τ
[
F3φ5 + iψ6ψ7
]
83
These have been employed to reduce Table B.1 in the appendix to Table 3.1, in the narra-
tive.
There also exist more complicated relations, such as can be detected on expanding:
Q3Q2Q1
[
φ2ψ2 − φ4ψ6
]
=
[(
F 21 +
.
φ2
.
φ2 + (F3+
.
φ3)
2 +
.
φ1
.
φ1
)
+ i
(
ψ2
.
ψ2 + ψ1
.
ψ1 + ψ4
.
ψ4 + ψ3
.
ψ3
)]
−
[(
F 22 + F
2
3 +
.
φ4
.
φ4 +
.
φ5
.
φ5
)
+ i
(
ψ6
.
ψ6 + ψ8
.
ψ8 + ψ7
.
ψ7 + ψ5
.
ψ5
)]
, (B.0.5)
and −Q3Q2Q1
[
φ3(ψ1+ψ8)
]
=
[(
F 21 +
.
φ2
.
φ2 + (F3+
.
φ3)
2 +
.
φ1
.
φ1
)
+ i
(
ψ2
.
ψ2 + ψ1
.
ψ1 + ψ4
.
ψ4 + ψ3
.
ψ3
)]
−
[(
F 22 + F
2
3 +
.
φ4
.
φ4 +
.
φ5
.
φ5
)
+ i
(
ψ6
.
ψ6 + ψ8
.
ψ8 + ψ7
.
ψ7 + ψ5
.
ψ5
)]
. (B.0.6)
The equality of the expansions (B.0.5)–(B.0.6) exhibits the relation
Q3Q2Q1
[
(φ2ψ2−φ4ψ6) + (φ3ψ1+φ3ψ8)
]
= 0, (B.0.7)
whereby we can drop for example the term Q3Q2Q1(φ3ψ1) as being linearly dependent
upon the three other three, as indicated (B.0.7). A similar identity is found by iteratively
expanding:
Q3Q2Q1
[
φ4ψ6 − φ2ψ6 − φ3ψ8
]
= 0. (B.0.8)
Indeed, this last identity follows more simply from observing that
Q1Q2Q3
[
φ4ψ6 − φ2ψ6 − φ3ψ8
]
= Q3Q2Q1
[
φ4(−Q1φ5)− φ2(−Q1φ5)− φ3(Q2φ5)
]
,
' Q3Q2Q1
[
(Q1φ4)φ5 − (Q1φ2)φ5 + (Q2φ3)φ5
]
,
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= Q3Q2Q1
[(
ψ5 − ψ3 + (ψ3 − ψ5)
)
φ5
]
= Q3Q2Q1
[
(ψ5 − ψ3 + ψ3 − ψ5)φ5
]
= 0.
(B.0.9)
As before, “'” denotes equality up to omitted total time-derivatives. This then allows drop-
ping alsoQ3Q2Q1(φ3ψ8), it being a linear combination ofQ3Q2Q1(φ2ψ6) andQ3Q2Q1(φ4ψ6).
These identities leave the final collection of kinetic terms as listed in Table 3.1.
The approach followed in Section 3.2 requires the 15 expressions Q3Q2Q1(φiφk), pre-
sented in Table B.2. Of these 15 expressions, two already are total time derivatives and
Table B.2: The Q3Q2Q1-Monomial Transformations of (φiφk)
φiφk: Expression Q3(φiφk) := Q3Q2Q1(φiφk)
1
2
φ1φ1: −iF1ψ3 − iF3ψ1 + i
.
φ1ψ4 + i
.
φ2ψ2 − i
.
φ3ψ1
φ1φ2: −i∂τ (φ1ψ2 + φ2ψ4)
φ1φ3: −iF1ψ6 − iF2ψ1 − iF3(ψ4−ψ7) + i
.
φ1ψ8 − i
.
φ2ψ5 + i
.
φ3ψ7 + i
.
φ4ψ3 − i
.
φ5ψ2
φ1φ4: iF1ψ8 − iF2ψ2 + iF3(ψ3−ψ5) + i
.
φ1ψ6 − i
.
φ2ψ7 − i
.
φ3ψ5 + i
.
φ4ψ4 + i
.
φ5ψ1
φ1φ5: iF1ψ7 − iF2ψ3 − iF3(ψ2−ψ6) + i
.
φ1ψ5 + i
.
φ2ψ8 + i
.
φ3ψ6 − i
.
φ4ψ1 + i
.
φ5ψ4
1
2
φ2φ2: −iF1ψ3 − iF3ψ1 + i
.
φ1ψ4 + i
.
φ2ψ2 − i
.
φ3ψ1 =
1
2
Q3(φ1φ1)
φ2φ3: iF1ψ7 − iF2ψ3 − iF3(ψ2−ψ6) + i
.
φ1ψ5 + i
.
φ2ψ8 + i
.
φ3ψ6 − i
.
φ4ψ1 + i
.
φ5ψ4 = Q
3(φ1φ5)
φ2φ4: −iF1ψ5 + iF2ψ4 − iF3(ψ1+ψ8) + i
.
φ1ψ7 + i
.
φ2ψ6 − i
.
φ3ψ8 + i
.
φ4ψ2 + i
.
φ5ψ3
φ2φ5: iF1ψ6 + iF2ψ1 + iF3(ψ4−ψ7)− i
.
φ1ψ8 + i
.
φ2ψ5 − i
.
φ3ψ7 − i
.
φ4ψ3 + i
.
φ5ψ2 = −Q3(φ1φ3)
1
2
φ3φ3: −iF1(ψ3−ψ5)− iF2(ψ4−ψ7)
+ i
.
φ1(ψ4−ψ7) + i
.
φ2(ψ2−ψ6)− i
.
φ3(ψ1−ψ8)− i
.
φ4(ψ2−ψ6)− i
.
φ5(ψ3−ψ5)
φ3φ4: iF1ψ7 − iF2ψ3 − iF3(ψ2−ψ6) + i
.
φ1ψ5 + i
.
φ2ψ8 + i
.
φ3ψ6 − i
.
φ4ψ1 + i
.
φ5ψ4 = Q
3(φ1φ5)
φ3φ5: −iF1ψ8 + iF2ψ2 − iF3(ψ3−ψ5)− i
.
φ1ψ6 + i
.
φ2ψ7 + i
.
φ3ψ5 − i
.
φ4ψ4 − i
.
φ5ψ1 = −Q3(φ1φ4)
1
2
φ4φ4: iF2ψ7 − iF3ψ8 + i
.
φ4ψ6 + i
.
φ5ψ5
φ4φ5: −i∂τ (φ4ψ5 + φ5ψ6)
1
2
φ5φ5: iF2ψ7 − iF3ψ8 + i
.
φ5ψ5 + i
.
φ4ψ6 =
1
2
Q3(φ4φ4)
simple row operations were used to find seven linear combinations that are also total time
derivatives; a suitable basis for these is shown in (3.3.4). Applying QIQJ on these nine
combinations, we obtain the twenty-seven supersymmetric candidate Lagrangian sum-
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mands listed in Tables B.3–B.5, below. Inspection and a few simple row operations easily
show that these reduce to the seven linearly independent super-Zeeman Lagrangian terms
listed in Table 3.2.
Table B.3: Candidate Lagrangians iQ2Q1 Z(φ∗)
1
2
(φ1φ1−φ2φ2): −iψ1ψ2 − iψ3ψ4 + φ1F1 + φ2F3 + φ2
.
φ3
φ1φ2: +iψ1ψ4 + iψ2ψ3 − φ1F3 + φ2F1 − φ1
.
φ3
φ1φ3+φ2φ5: −iψ1ψ3 + iψ1ψ5 + iψ2ψ4 − iψ2ψ7 − iψ3ψ8 + iψ4ψ6
+ φ2F2 + φ3F1 − φ5F3 + φ1
.
φ2 − φ1
.
φ4 + φ3
.
φ5
φ1φ4+φ3φ5: +iψ1ψ7 + iψ2ψ5 − iψ3ψ6 − iψ4ψ8 + iψ5ψ6 + iψ7ψ8
− φ1F3 + φ3F2 + φ4F1 − φ2
.
φ5 + φ4
.
φ5
φ1φ5−φ2φ3: −iψ1ψ8 − iψ2ψ6 − iψ3ψ5 − iψ4ψ7 + φ1F2 + φ3F3 + φ5F1 + φ2
.
φ4
φ1φ5−φ3φ4: −iψ1ψ8 − iψ2ψ6 − iψ3ψ5 − iψ4ψ7 + φ1F2 + φ3F3 + φ5F1 + φ2
.
φ4
= iQ2Q1(φ1φ5−φ2φ3)
1
2
(φ4φ4−φ5φ5): +iψ5ψ7 − iψ6ψ8 − φ4F3 − φ5F2
φ4φ5: −iψ5ψ8 − iψ6ψ7 + φ4F2 − φ5F3
1
2
(φ1φ1−φ3φ3+φ5φ5)−φ2φ4: −iψ1ψ2 − iψ3ψ4 + φ1F1 + φ2F3 + φ2
.
φ3 − iψ5ψ7 + iψ6ψ8 + φ4F3 + φ5F2
= iQ2Q1
[
1
2
(φ 21 −φ 22 )− 12(φ 24 −φ 25 )
]
TheQ4- and Q˜4-transform of theN = 3-supersymmetric Lagrangian terms in Tables 3.1
and 3.2 are computed straightforwardly and listed below in turn.
Using the chiral-chiral Q4-supersymmetry transformation rules (3.7.1), we compute:
Q4K
1 = −∂τ
(
F1ψ3 + (F3+
.
φ3)ψ1 −
.
φ1ψ4 −
.
φ2ψ2
)
(B.0.10)
Q4K
2 = ∂τ
(
F2ψ7 − F3ψ8 +
.
φ4ψ6 +
.
φ5ψ5
)
(B.0.11)
Q4K
3 = −∂τ
(
F2ψ3 + F3ψ2 +
.
φ4ψ1 −
.
φ5ψ4
)
(B.0.12)
Q4K
4 = ∂τ
(
F2ψ2 − F3ψ3 −
.
φ4ψ4 −
.
φ5ψ1
)
(B.0.13)
Q4K
5 = ∂τ
(
F2ψ4 − F3ψ1 +
.
φ4ψ2 +
.
φ5ψ3
)
(B.0.14)
Q4K
6 = −∂τ
(
F2ψ1 + F3ψ4 −
.
φ4ψ3 +
.
φ5ψ2
)
(B.0.15)
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Table B.4: Candidate Lagrangians iQ3Q1 Z(φ∗)
1
2
(φ1φ1−φ2φ2): i∂τ (φ1φ2)
φ1φ2:
i
2∂τ (φ
2
2 −φ 21 )
φ1φ3+φ2φ5: +iψ1ψ2 + iψ3ψ4 − φ1F1 − φ2F3 − φ2
.
φ3
φ1φ4 + φ3φ5: +iψ1ψ8 + iψ2ψ6 + iψ3ψ5 + iψ4ψ7 − φ1F2 − φ3F3 − φ5F1 − φ2
.
φ4
φ1φ5−φ2φ3: +iψ1ψ4 + iψ2ψ3 − φ1F3 + φ2F1 − φ1
.
φ3
φ1φ5−φ3φ4: +iψ1ψ7 + iψ2ψ5 − iψ3ψ6 − iψ4ψ8 + iψ5ψ6 + iψ7ψ8
− φ1F3 + φ3F2 + φ4F1 − φ2
.
φ5 + φ4
.
φ5
1
2
(φ4φ4−φ5φ5): +iψ5ψ8 + iψ6ψ7 − φ4F2 + φ5F3
φ4φ5: +iψ5ψ7 − iψ6ψ8 − φ4F3 − φ5F2
1
2
(φ1φ1−φ3φ3+φ5φ5)−φ2φ4: −iψ1ψ3 + iψ1ψ5 + iψ2ψ4 − iψ2ψ7 − iψ3ψ8 + iψ4ψ6
+ φ2F2 + φ3F1 − φ5F3 + φ1
.
φ2 − φ1
.
φ4 + φ3
.
φ5
Table B.5: Candidate Lagrangians iQ3Q2 Z(φ∗)
1
2
(φ1φ1−φ2φ2): −iψ1ψ4 − iψ2ψ3 + φ1F3 − φ2F1 + φ1
.
φ3
φ1φ2: −iψ1ψ2 − iψ3ψ4 + φ1F1 + φ2F3 + φ2
.
φ3
φ1φ3+φ2φ5: −iψ1ψ8 − iψ2ψ6 − iψ3ψ5 − iψ4ψ7 + φ1F2 + φ3F3 + φ5F1 + φ2
.
φ4
φ1φ4+φ3φ5: −iψ5ψ7 + iψ6ψ8 + φ4F3 + φ5F2
φ1φ5−φ2φ3: +iψ1ψ3 − iψ1ψ5 − iψ2ψ4 + iψ2ψ7 + iψ3ψ8 − iψ4ψ6
− φ2F2 − φ3F1 + φ5F3 − φ1
.
φ2 + φ1
.
φ4 − φ3
.
φ5
φ1φ5−φ3φ4: +iψ5ψ8 + iψ6ψ7 − φ4F2 + φ5F3
φ4φ4−φ5φ5: −2i∂τ (φ4φ5)
φ4φ5:
i
2∂τ (φ
2
4 −φ 25 )
1
2
(φ1φ1−φ3φ3+φ5φ5)−2φ2φ4: −iψ1ψ7 − iψ2ψ5 + iψ3ψ6 + iψ4ψ8 − iψ5ψ6 − iψ7ψ8
+ φ1F3 − φ3F2 − φ4F1 + φ2
.
φ5 − φ4
.
φ5
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Q4Z
1 = ∂t
(
φ4ψ8 − φ5ψ7
)
(B.0.16)
Q4Z
2 = −∂τ
(
φ5ψ8 + φ4ψ7
)
(B.0.17)
Q4Z
3 = ∂τ
(
φ2ψ1 + φ1ψ3
)
(B.0.18)
Q4Z
4 = ∂τ
(
φ1ψ1 − φ2ψ3
)
(B.0.19)
Q4Z
5 = −∂τ
( .
φ1ψ7 +
.
φ2ψ6 −
.
φ3ψ8 −
.
φ5ψ3
)
(B.0.20)
Q4Z
6 = ∂τ
(
φ1ψ8 − φ2ψ5 + φ3ψ7 − φ4ψ3 + φ4ψ5
)
(B.0.21)
Q4Z
7 = −∂τ
(
φ1ψ2 − φ1ψ6 + φ2ψ7 − φ3ψ3 + φ3ψ5 + φ5ψ8
)
(B.0.22)
Thus, all thirteen Lagrangian terms are automatically also Q4-supersymmetric.
Using the chiral-twisted-chiral Q˜4-supersymmetry transformation rules (3.8.1), we
compute:
Q˜4K
1 = −∂τ
(
F1ψ3 + F3ψ1 −
.
φ1ψ4 −
.
φ2ψ2 +
.
φ3ψ1
)
(B.0.23)
Q˜4K
2 = −∂τ
(
F2ψ7 − F3ψ8 +
.
φ4ψ6 +
.
φ5ψ5
)
(B.0.24)
Q˜4K
3 = −2(F1 .ψ7 + F2 .ψ3 + F3( .ψ2 + .ψ6) + .φ1 .ψ5 + .φ2 .ψ8 + .φ3 .ψ6 + .φ4 .ψ1 − .φ5 .ψ4)
+∂τ
(
F2ψ3 + F3ψ2 +
.
φ4ψ1 −
.
φ5ψ4
)
(B.0.25)
Q˜4K
4 = +2
(
F1
.
ψ8 + F2
.
ψ2 − F3(
.
ψ3+
.
ψ5) +
.
φ1
.
ψ6 −
.
φ2
.
ψ7 −
.
φ3
.
ψ5 −
.
φ4
.
ψ4 −
.
φ5
.
ψ1
)
−∂τ
(
F2ψ2 − F3ψ3 −
.
φ4ψ4 −
.
φ5ψ1
)
(B.0.26)
Q˜4K
5 = +2
(
F1
.
ψ5 + F2
.
ψ4 − F3(
.
ψ1−
.
ψ8)−
.
φ1
.
ψ7 −
.
φ2
.
ψ6 +
.
φ3
.
ψ8 +
.
φ4
.
ψ2 +
.
φ5
.
ψ3
)
−∂τ
(
F2ψ4 − F3ψ1 +
.
φ4ψ2 +
.
φ5ψ3
)
(B.0.27)
Q˜4K
6 = +2
(
F1
.
ψ6 − F2
.
ψ1 − F3
.
ψ4 − F3
.
ψ7 −
.
φ1
.
ψ8 +
.
φ2
.
ψ5 −
.
φ3
.
ψ7 +
.
φ4
.
ψ3 −
.
φ5
.
ψ2
)
+∂τ
(
F2ψ1 + F3ψ4 −
.
φ4ψ3 +
.
φ5ψ2
)
(B.0.28)
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Q˜4Z
1 = −∂τ
(
φ4ψ8 − φ5ψ7
)
(B.0.29)
Q˜4Z
2 = +∂τ
(
φ4ψ7 + φ5ψ8
)
(B.0.30)
Q˜4Z
3 = +∂τ
(
φ1ψ3 + φ2ψ1
)
(B.0.31)
Q˜4Z
4 = +∂τ
(
φ1ψ1 − φ2ψ3
)
(B.0.32)
Q˜4Z
5 = +2
(
F1ψ5 − F2ψ4 + F3(ψ1+ψ8)−
.
φ1ψ7 −
.
φ2ψ6 +
.
φ3ψ8 −
.
φ4ψ2 −
.
φ5ψ3
)
+∂τ
(
+ φ1ψ7 + φ2ψ6 − φ3ψ8 + φ5ψ3
)
(B.0.33)
Q˜4Z
6 = −2(F1ψ6 + F2ψ1 + F3(ψ4−ψ7)− .φ1ψ8 + .φ2ψ5 − .φ3ψ7 − .φ4ψ3 + .φ5ψ2)
−∂τ
(
φ1ψ8 − φ2ψ5 + φ3ψ7 + φ4ψ3 + φ4ψ5
)
(B.0.34)
Q˜4Z
7 = +2
(
F1ψ8 − F2ψ2 + F3ψ3 − F3ψ5 +
.
φ1ψ6 −
.
φ2ψ7 +
.
φ3ψ5 +
.
φ4ψ4 +
.
φ5ψ1
)
−∂τ
(
φ1ψ2 + φ1ψ6 − φ2ψ7 − φ3ψ3 − φ3ψ5 − φ5ψ8
)
(B.0.35)
Thus, only five Lagrangian terms ( K1, K2, Z1, Z2, Z3 and Z4) are also Q˜4-supersymmetric.
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APPENDIX C: COMPUTATIONAL ALGEBRA FOR N = 4
90
The programming code (black) that follows was composed in Mathematica 9.0, where
the bold/regular orange lettering are denotative of a new model section and respective
subsections, with the those of the blue, indicating a comment. This algorithmic fusion is a
primer for numerical algebraic geometry.
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Quantum Object Declarations for SUSY & TRACER 
ClearAll["Global`*"]
Clear[QFs, Qs,  fermions];
(* Supercharge functionals *)
QFs = { Q1[_], Q2[_], Q3[_],Q4[_], Q5[_], Q6[_],Q7[_], Q8[_]}; 
qs = {Subscript[Q, 1], 
Subscript[Q, 2], 
Subscript[Q, 3],
Subscript[Q, 4], 
Subscript[Q, 5], 
Subscript[Q, 6],
Subscript[Q, 7], 
Subscript[Q, 8]}; 
Qs =  {Q1, Q2, Q3,Q4, Q5, Q6,Q7, Q8};
fermions = {\[Psi]1, \[Psi]2, \[Psi]3, \[Psi]4,  \[Psi]5, \[Psi]6,\[Psi]7,\[Psi]8,
\[Chi]1, \[Chi]2,\[Chi]3,\[Chi]4,\[Chi]5,\[Chi]6,\[Chi]7,\[Chi]8} ;, 
SetQuantumObject[QFs];
SetQuantumObject[Qs] ;
SetQuantumObject[fermions];
(* bosonic / scalar component fields  for SUSY N = 3 & N = 4 *)
phi = {\[Phi]1,\[Phi]2,\[Phi]5, \[Phi]6}; (* no supscripts for bosonic fields *)
jphi = {\[CurlyPhi]1,\[CurlyPhi]2,\[CurlyPhi]5, \[CurlyPhi]6};
(* Auxillary fields F & G *)
auxiF = {F4, F3, F8, F7};
auxiG = {G4, G3, G8, G7};
Component Field Products and Storage 
(*   LEVEL-1 : (Subscript[\[Phi], i]|Subscript[\[CurlyPhi], k])    *)
m1 = 16 ;                 (* For ADG product *)
(*m1 = m1 - 3!*)    (* For Lagrangian Form *)
Clear[dubstar1, qdot1];
(* Samples Output follows  *) 
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Array[dubstar1, m1];     (* input to Q-THRU *)
Array[qdot1, m1];          (* input to Q-THRU *)
m0 =1;         (* initiator: trak component field multiplications *)
binary= 2;    (* product term type *)
Do[
Do[
qdot1[m0]=phi[[i]]\[CenterDot]jphi[[k]];
dubstar1[m0]=phi[[i]]**jphi[[k]];
m0=m0+1,
(*{k,i, Length[phi]}*)
{k,1, Length[phi]}
],
{i, 1, Length[phi]} 
]
Clear[m0]; 
TableForm[Partition[Table[qdot1[i],{i, 1, m1}],2], TableAlignments->Center]
TableForm[Partition[Table[dubstar1[i],{i, 1, m1}],5], TableAlignments->Center]
Q-Thru Quantum Demotion Module QI <> qI
(*** Q1 ***)
Clear[t0,x1,y1,KI, KIX, store, Q1out1]
if = 1; 
mlevels = 5;
Array[t0, {m1,binary}];   (* 2D array stores 2 component tables *)
Array[store,m1];               (* 1D array stores 2 component tables *)
Clear[s]   (* initiate sign (anti)commutation factor*)
k=1;         (* initiate inner loop *)
Do[           
t0[i,k] = ReplacePart[dubstar1[i], 1->Q1[dubstar1[i][[1]] ]];  (* quantum object *)
s = 1;(* initiate supercharge action *)
Do[      (* A Pair of String Matched, quad-fold (Anti)Commutator conditionals *)
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           (* Lead Term *)
If[
StringMatchQ[ToString[Head[dubstar1[i][[1]]]],RegularExpression["Times"]],
dub= Level[dubstar1[i][[1]], 1, Heads->True][[3]];   (* Seek True Head *)
If[
StringMatchQ[ToString[Head[  Subscript[[[Q1[dub],dub ]],+]]], 
RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[dubstar1[i], 1-> q1[dubstar1[i][[1]] ]];   (* Q-demotion *)
t0[i,k+1] = ReplacePart[dubstar1[i],(k+1)-> s Q1[dubstar1[i][[k+1]] ]],
t0[i,k+1] = ReplacePart[dubstar1[i], (k+1)-> s Q1[dubstar1[i][[k+1]] ]]
  ],
If[
StringMatchQ[ToString[Head[  Subscript[[[Q1[dubstar1[i][[1]]],dubstar1[i][[k]] ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[dubstar1[i], 1->q1[dubstar1[i][[1]] ]];   (* Q demotion *)
t0[i,k+1] = ReplacePart[dubstar1[i],(k+1)-> s Q1[dubstar1[i][[k+1]] ]],
t0[i,k+1] = ReplacePart[dubstar1[i], (k+1)-> s Q1[dubstar1[i][[k+1]] ]]
  ]
 ];
(* Back Term: s-parameter retread -not- reset! *)
If[
StringMatchQ[ToString[Head[dubstar1[i][[k+1]]]],RegularExpression["Times"]],
dubk=Level[dubstar1[i][[k+1]], 1, Heads->True][[3]]; (* Seek  true head *)
If[
StringMatchQ[ToString[Head[  Subscript[[[Q1[dubk],dubk ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
t0[i,k+1] = ReplacePart[dubstar1[i], (k+1)->s q1[dubstar1[i][[k+1]] ]], (* Q-demotion *)
t0[i,k+1] = ReplacePart[dubstar1[i], (k+1)->s Q1[dubstar1[i][[k+1]] ]]
  ],
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If[
StringMatchQ[ToString[Head[  Subscript[[[Q1[dubstar1[i][[k+1]]],dubstar1[i][[k+1]] ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
t0[i,k+1] = ReplacePart[dubstar1[i], (k+1)->s q1[dubstar1[i][[k+1]] ]], (* quantum object
demotion *)
t0[i,k+1] = ReplacePart[dubstar1[i], (k+1)->s Q1[dubstar1[i][[k+1]] ]]
  ]
 ],
{k, 1,binary-1}
];
store[i] = Table[t0[i,j], {j, 1, binary}], 
{i, 1, m1}
]
Clear[s] 
(*******************************)
(*******************************)
y1= Flatten[store[16]];
Q1out1={y1[[1]],y1[[2]]};
(*******************************)
(*******************************)
Length[y1];
TableForm[Partition[y1,2], TableAlignments->Center]
(* Passes: store1 |  x1 | y1 *)
(*** Q2 ***)
Clear[t0, dub, dubk, Q2out1];
Clear[ hold1y1];
mlevels = 5;
m1;
Array[t0, {2*m1,binary}];      (* double-gen: 2D array stores 2 component tables *)
Array[holdy1, 2*m1];             (* double-gen: 1D array stores 2 component tables *)
Array[KI2, 2*m1];
s= 1 ;                                       (* initiate sign factor *)
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k=1;  (* initiate inner loop *)
Do[
t0[i,k] = ReplacePart[y1[[i]], 1->Q2[y1[[i]][[1]] ]];    (*Q-demotion *)
s = 1;(* initiate supercharge action *)
 Do[  (* Pair of Times-StringMatchQ -> quad-fold Anticommutator conditionals *)
(* Check MM functions for Upper/LowerCase *)
(* Lead Term *)
If[
StringMatchQ[ToString[Head[y1[[i]][[1]]]],RegularExpression["Times"]],
 (* \begin{AntiComm-1} *)
dub= Level[y1[[i]][[1]], 1, Heads->True][[3]]; (* seek true head *)
If[
StringMatchQ[ToString[Head[  Subscript[[[Q2[dub],dub]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[y1[[i]], 1-> q2[y1[[i]][[1]] ]];   (*Q-demotion *)
t0[i,k+1] = ReplacePart[y1[[i]],(k+1)-> s Q2[y1[[i]][[k+1]] ]],
t0[i,k+1] = ReplacePart[y1[[i]], (k+1)-> s Q2[y1[[i]][[k+1]] ]]
   ],
(*  \end{AntiComm-1}  *)
If[
StringMatchQ[ToString[Head[  Subscript[[[Q2[y1[[i]][[1]]],y1[[i]][[k]] ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
 (*  \begin{AntiComm-2} *)
s = s*(-1);
t0[i,k] = ReplacePart[y1[[i]], 1->q2[y1[[i]][[1]] ]];   (*Q-demotion *)
t0[i,k+1] = ReplacePart[y1[[i]],(k+1)-> s Q2[y1[[i]][[k+1]] ]],
t0[i,k+1] = ReplacePart[y1[[i]], (k+1)-> s Q2[y1[[i]][[k+1]] ]]
  ] (*   \end{AntiComm-2} *)
  ] (* End If Times *)
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(* Back Term: s-parameter retread -not- reset! *)
If[
StringMatchQ[ToString[Head[y1[[i]][[k+1]]]],RegularExpression["Times"]],
dubk=Level[y1[[i]][[k+1]], 1, Heads->True][[3]];
If[
StringMatchQ[ToString[Head[  Subscript[[[Q2[dubk],dubk ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
(*  \begin{AntiComm-3} *)
t0[i,k+1] = ReplacePart[y1[[i]], (k+1)->s q2[y1[[i]][[k+1]] ]],   (*Q-demotion *)
t0[i,k+1] = ReplacePart[y1[[i]], (k+1)->s Q2[y1[[i]][[k+1]] ]]
  ],
    (* \end{AntiComm-3} *)
If[
StringMatchQ[ToString[Head[  Subscript[[[Q2[y1[[i]][[k+1]]],y1[[i]][[k+1]] ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
  (* \begin{AntiComm-4} *)
t0[i,k+1] = ReplacePart[y1[[i]], (k+1)->s q2[y1[[i]][[k+1]] ]],   (*Q-demotion *)
t0[i,k+1] = ReplacePart[y1[[i]], (k+1)->s Q2[y1[[i]][[k+1]] ]]
  
  ]     (* \end{(Anti)Commutator-4} *)
 ],     (* End If Times *)
 
{k, 1,binary-1}
];
holdy1[i] = Table[t0[i,j], {j, 1, binary}], 
(*Print[store3b[i]],*)
(* Print[Table[t0[i,j],{j, 1, binary}]], *)
{i, 1, 2*if}
]
Length[y1];
TableForm[Partition[Table[holdy1[i],{i, 1, 2*if}],2], TableAlignments->Center];
Q2out1 = Table[holdy1[i],{i, 1, 2*if}];
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Length[y1];
TableForm[Partition[y1,2], TableAlignments->Center]
Clear[s, t0, store1, x1] 
(* PASSES: Q2out1| 2*m1 | holdy1 -> spawns z-series *)
(*** Q3 ***)
(* Input Prep *)
Clear[z1, Q3out1]
Clear[holdz1]
z1  = Table[holdy1[i],{i, 1, 2*if}];
Clear[holdy1, dub, dubk]      (* wipes out holdy1 for THRU-Q2 *)
Length[z1];
z1= Flatten[z1];
Length[z1];
TableForm[Partition[z1,4], TableAlignments->Center]
(**************)
Clear[s, t0, dub, dubk]
Length[z1]
binary = 2;
Array[t0, {binary*Length[z1],binary}];      (* 2D array stores 2 component tables *)
Array[holdz1, binary*Length[z1]];             (* 2D array stores 2 component tables *)
k=1; (* initiate inner loop *)
Do[
t0[i,k] = ReplacePart[z1[[i]], 1->Q3[z1[[i]][[1]]]];
s = 1;(* initiate supercharge action *)
Do[
(* Times is String Matched prelude to (Anti)Commutator *)
If[
StringMatchQ[ToString[Head[z1[[i]][[1]]]],RegularExpression["Times"]],
dub= Level[z1[[i]][[1]], 1, Heads->True][[3]]; (* Sift Truth *)
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If[
StringMatchQ[ToString[Head[  Subscript[[[Q3[dub],dub ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[z1[[i]], 1->q3[z1[[i]][[1]] ]];  (*Q-demotion *)
t0[i,k+1] = ReplacePart[z1[[i]],(k+1)-> s Q3[z1[[i]][[k+1]] ]],
t0[i,k+1] = ReplacePart[z1[[i]], (k+1)-> s Q3[z1[
[i]][[k+1]] ]]
],
If[
StringMatchQ[ToString[Head[  Subscript[[[Q3[z1[[i]][[1]]],z1[[i]][[k]] ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[z1[[i]], 1->q3[z1[[i]][[1]] ]];   (*Q-demotion *)
t0[i,k+1] = ReplacePart[z1[[i]],(k+1)-> s Q3[z1[[i]][[k+1]]]],
t0[i,k+1] = ReplacePart[z1[[i]], (k+1)-> s Q3[z1[[i]][[k+1]] ]]
]
];
(* Back Term (2nd pair of quad-fold conditional) *)
s=1;
If[
StringMatchQ[ToString[Head[z1[[i]][[k+1]]]],RegularExpression["Times"]],
dubk=Level[z1[[i]][[k+1]], 1, Heads->True][[3]];
If[
StringMatchQ[ToString[Head[  Subscript[[[Q3[dubk],dubk]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s=(-1)*s;
t0[i,k+1] = ReplacePart[z1[[i]], (k+1)->s q3[z1[[i]][[k+1]]]],   (*Q-demotion *)
t0[i,k+1] = ReplacePart[z1[[i]], (k+1)->s Q3[z1[[i]][[k+1]]]]
],
s=1;
If[
StringMatchQ[ToString[Head[  Subscript[[[Q3[z1[[i]][[k+1]]],z1[[i]][[k+1]]]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s=(-1)*s;
t0[i,k+1] = ReplacePart[z1[[i]], (k+1)->s q3[z1[[i]][[k+1]]]],    (*Q-demotion *)
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t0[i,k+1] = ReplacePart[z1[[i]], (k+1)->s Q3[z1[[i]][[k+1]]]]
]
],
{k, 1,binary-1}
];
holdz1[i] = Table[t0[i,j], {j, 1, binary}],
{i, 1, 2^2*if} (* 2nd double-gen *)
]
(* Do not prematurely terminate z1 w/ Q3out1; -> Subscript[z1Q, I] generations *)
TableForm[Partition[Table[holdz1[i],{i, 1, Length[z1]}],4], TableAlignments->Center]
Q3out1 = Table[holdz1[i],{i, 1, Length[z1]}];
Clear[holdz1,z1]
(***  Q4 ***)
Clear[q4z5, holdq4z5, Q4out1]
q4z5=Flatten[Q3out1];
Length[q4z5]
(*TableForm[Partition[q4z5,4], TableAlignments->Center]*)
(*TableForm[Partition[q4z5,4], TableAlignments->Center]*)
(*******************)
Clear[s, t0, dub1, dub1k]
Length[Q3out1];
binary = 2;
Array[t0, {binary*Length[q4z5],binary}];       (* 2D array stores 2 component tables *)
Array[holdq4z5, binary*Length[q4z5]];           (* 2D array stores 2 component tables *)
k=1; (* initiate inner loop *)
Do[
t0[i,k] = ReplacePart[q4z5[[i]], 1->Q4[q4z5[[i]][[1]]]];
s = 1;(* initiate supercharge action *)
Do[
(* Times is String Matched prelude to (Anti)Commutator *)
If[
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If[
StringMatchQ[ToString[Head[  Subscript[[[Q4[dub1],dub1 ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[q4z5[[i]], 1->q4[q4z5[[i]][[1]] ]];    (*Q-demotion *)
t0[i,k+1] = ReplacePart[q4z5[[i]],(k+1)-> s Q4[q4z5[[i]][[k+1]] ]],
t0[i,k+1] = ReplacePart[q4z5[[i]], (k+1)-> s Q4[q4z5[[i]][[k+1]] ]]
],
If[
StringMatchQ[ToString[Head[  Subscript[[[Q4[q4z5[[i]][[1]]],q4z5[[i]][[k]] ]], 
+]]],RegularExpression["zz050AntiCommutator"]],
s = s*(-1);
t0[i,k] = ReplacePart[q4z5[[i]], 1->q4[q4z5[[i]][[1]] ]];   (*Q-demotion *)
t0[i,k+1] = ReplacePart[q4z5[[i]],(k+1)-> s Q4[q4z5[[i]][[k+1]]]],
t0[i,k+1] = ReplacePart[q4z5[[i]], (k+1)-> s Q4[q4z5[[i]][[k+1]] ]]
]
];
(* Back Term: s-parameter retread -not- reset! *)
If[
StringMatchQ[ToString[Head[q4z5[[i]][[k+1]]]],RegularExpression["Times"]],
dub1k=Level[q4z5[[i]][[k+1]], 1, Heads->True][[3]];
If[
StringMatchQ[ToString[Head[  Subscript[[[Q4[dub1k],dub1k]], 
+]]],RegularExpression["zz050AntiCommutator"]],
(*s=(-1)*s;*)
t0[i,k+1] = ReplacePart[q4z5[[i]], (k+1)->s q4[q4z5[[i]][[k+1]]]],   (*Q-demotion *)
t0[i,k+1] = ReplacePart[q4z5[[i]], (k+1)->s Q4[q4z5[[i]][[k+1]]]]
],
If[
StringMatchQ[ToString[Head[  Subscript[[[Q4[q4z5[[i]][[k+1]]],q4z5[[i]][[k+1]]]], 
+]]],RegularExpression["zz050AntiCommutator"]],
(*s=(-1)*s;*)
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t0[i,k+1] = ReplacePart[q4z5[[i]], (k+1)->s q4[q4z5[[i]][[k+1]]]],  (*Q-demotion *)
t0[i,k+1] = ReplacePart[q4z5[[i]], (k+1)->s Q4[q4z5[[i]][[k+1]]]]
]
],
{k, 1,binary-1}
];
holdq4z5[i] = Table[t0[i,j], {j, 1, binary}],
{i, 1, 2^3*if} (* 3rd double-gen *)
]
TableForm[Partition[Table[holdq4z5[i],{i, 1, Length[q4z5]}],4], 
TableAlignments->Center]
Q4out1 = Table[holdq4z5[i],{i, 1, Length[q4z5]}];
Length[Flatten[Q4out1]]
Clear[m5,s, t0,  q4z5, holdq4z4]
(* PASSES: 2*m5 | holdq4z5 |  Q3out1 *)
Quantum Functional SSS-Promotion 
(* OUTPUT FILES: Q1out1, Q2out2, Q3out3, Q4out4*) 
(*  q -> Q   *)
(*Clear[Q1, Q2, Q3, Q4];  NOT YET!! *)
Q1out1 = Flatten[Q1out1];
Q2out1 = Flatten[Q2out1];
Q3out1 = Flatten[Q3out1];
Q4out1 = Flatten[Q4out1];
Q1out1 = ToString[Q1out1];
Q1out1 = StringReplace[Q1out1,"q"->"Q"];
(*Q1out1 = StringReplace[Q1out1, "**" ->"\[CenterDot]"]; *)
gs1 = StringToStream[Q1out1];
Q1out1 = Read[gs1];
Close[gs1];
Q2out1 = ToString[Q2out1];
Q2out1 = StringReplace[Q2out1,"q"->"Q"];
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(*Q2out1 = StringReplace[Q2out1, "**" ->"\[CenterDot]"]*)
gs2 = StringToStream[Q2out1];
Q2out1 = Read[gs2];
Close[gs2];
Q3out1 = ToString[Q3out1];
Q3out1 = StringReplace[Q3out1,"q"->"Q"];
(*Q3out1 = StringReplace[Q3out1, "**" ->"\[CenterDot]"] *)
(* Careful of products > binary order *)
gs3 = StringToStream[Q3out1];
Q3out1 = Read[gs3];
Close[gs3];
Q4out1 = ToString[Q4out1];
Q4out1 = StringReplace[Q4out1,"q"->"Q"];
(* Q4out1 = StringReplace[Q4out1, "**" ->"\[CenterDot]"]*) 
(* Careful of products > binary  order *)
gs4 = StringToStream[Q4out1];
Q4out1 = Read[gs4];
Close[gs4];
(* Discrete kinetic energy lists; to be filled after each run @ end *)
Do[Print[  TraditionalForm[  MatrixForm[Partition[KIX12[[i]],2],
TableAlignments->Center]]];
Print["##########################"],
{i, 1, Length[KIX12]}];
TraditionalForm[  MatrixForm[Partition[KIX12[[1]],2],TableAlignments->Center]]
TraditionalForm[  MatrixForm[Partition[KIX12[[2]],2],TableAlignments->Center]]
TraditionalForm[  MatrixForm[Partition[KIX12[[3]],2],TableAlignments->Center]]
TraditionalForm[  MatrixForm[Partition[KIX12[[4]],2],TableAlignments->Center]]
(*****************************************)
 Here goes Q-Functional Output 
(Here Goes Print Output Statements 
(*****************************************)
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(* Supersymmetric Lagrangian Lists *)
LI = {KIX1[[1]], KIX1[[2]],KIX1[[3]],KIX1[[4]],   
KIX2[[1]], KIX2[[2]],KIX2[[3]],KIX2[[4]],
KIX3[[1]], KIX3[[2]],KIX3[[3]],KIX3[[4]],  
KIX4[[1]], KIX4[[2]],KIX4[[3]],KIX4[[4]], 
KIX5[[1]], KIX5[[2]],KIX5[[3]],KIX5[[4]],   
KIX6[[1]], KIX6[[2]],KIX6[[3]],KIX6[[4]],  
KIX7[[1]], KIX7[[2]],KIX7[[3]],KIX7[[4]],  
KIX8[[1]], KIX8[[2]],KIX8[[3]],KIX8[[4]],  
KIX9[[1]], KIX9[[2]],KIX9[[3]],KIX9[[4]],  
KIX10[[1]], KIX10[[2]],KIX10[[3]],KIX10[[4]],
KIX11[[1]], KIX11[[2]],KIX11[[3]],KIX11[[4]], 
KIX12[[1]], KIX12[[2]],KIX12[[3]],KIX12[[4]], 
KIX13[[1]], KIX13[[2]],KIX13[[3]],KIX13[[4]], 
KIX14[[1]], KIX14[[2]],KIX14[[3]],KIX14[[4]], 
KIX15[[1]], KIX15[[2]],KIX15[[3]],KIX15[[4]], 
KIX16[[1]], KIX16[[2]],KIX16[[3]],KIX16[[4]]}; 
Length[LI]
LTI = LI;
(* Array[Lout, 
{(Length[L1] +Length[L2] + Length[L3] +Length[L4] +Length[L5]),1}
];
(* Where L1, L2, ....LI are the Q1, Q2, ... QN lists *)
(*Array[Lout, 
{(Length[Q1out1] +Length[Q2out1] + Length[Q3out1] +Length[Q4out1]),1}
];
(*Length[Q1out1] +Length[Q2out1] + Length[Q3out1] +Length[Q4out1]*)
(*****************************************)
(*****************************************)
Back reference here to the Q-Transformation tables in the thesis document.
(*****************************************)
(*****************************************)
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Quantum Algebraic Symbolic Processing
(Anti)Commutator Distribution and Sum
Do[
g = LTI[[i]];
append= dropcount={};
Do[
gplus = Distribute[g[[j]]]; (* a single NCM element *)
If[ Count[Level[gplus,Depth[gplus], Heads->True], Plus]>=1,
{
gplus= Table[Distribute[ Expand[gplus[[p]][[1]]] ** Expand[gplus[[p]][[2]]]], 
{p, 1, Length[gplus]}];
gplus = Plus@@gplus;
g[[j]] = gplus;
append = Join[append,Table[gplus[[p]],{p, 1, Length[gplus]}]];
dropcount = Join[dropcount, {j}];
Print[g[[j]],"     ", append, "     ", dropcount ];
Print["@@@@@@@@@"]
},
Continue],
{j, 1, Length[g]}];
g = Plus@@g;
g = Table[g[[p]], {p, 1, Length[g]}];
LTI[[i]] = g;
 (* symmetric reciprocation *)
Print["Length is ", Length[LTI[[i]]]];
Print[MatrixForm[g]],
{i, 1, Length[LTI]}];
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(* Pre-Screen for overall constant factors w/ Heads -> False *)
(* Complex NCM operations are not I-multipled thru; i.e. retained inside product ( ) *)
(* It possible to collect the integers and complex from Level-List; Catch/Throw *)
(* Clean Plus@@ factors; to be generalized for general x_Integer *)
Numerical Constant Scan and Repositioning 
Do[
g = LTI[[i]];
Do[
l=g[[p]];  (* Note: Heads -> False ! *)
l1 = Level[g[[p]], Depth[g[[p]]], Heads->False]; 
If[l1[[1]]==2, 
l[[2]][[1]] = l1[[1]]*l[[2]][[1]];
l = l[[2]][[1]]**l[[2]][[2]];
Print[l],
Continue
];
g[[p]] = l,  (* symmetric reciprocation *)
{p, 1,Length[g]}
];
LTI[[i]] = g;
Print[TraditionalForm[MatrixForm[Partition[g, 2]]]]; Print[],
{i, 1, Length[LTI]}
]
Clear[l, l1, g]
D-Functionalization & Bosonic / Fermionic Product Signature WRT Mixing Constants 
Der[x_,cd_]:=D[x,{\[Tau],cd}];
(*Der[a x_,cd_]:=a D[x,{\[Tau],cd}];*)
h[x_,cd_]:= Der[x[\[Tau]],cd];
h[a x_,cd_]:= a Der[ x[\[Tau]],cd];
(*h[x_,cd_]:=D[x,{\[Tau],cd}];*)
Clear[g]
(* Coming soon: Use w/ PARALLEL MAP !!! *)
(* Coming soon: Catch[If[Length[yc] == 2,Throw[yc[[2]]]    ]]!!! *)
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acrew1= acrew2={};
Do[
g = LTI[[p]];
acrew1= acrew2={};
(* get symbolic Level-List *)
Do[
lg1= Level[g[[i]][[1]], Depth[g[[i]][[1]]], Heads->True];
lg2= Level[g[[i]][[2]], Depth[g[[i]][[2]]], Heads->True];
(* Coefficient Extraction / D-Tree *)
(* Bare-symbol (1) *)
If[Length[lg1]==0,pref1 = 1;x1 = g[[i]][[1]],
{ (* Close this to back here *)
 If[Count[lg1,Times]==0, (* Power? Coming Soon: For > Binary OPS!!! *)
          (* right branch *)
{
 pref1 = 1 ; (* there is no d==0 scenario at this pt ?? *)
 cd1 = Count[lg1,d];      
 If[ Count[lg1,d]==1 , arg1 = lg1[[2]]; x1=h[arg1,cd1],
arg1=Cases[lg1,d[x_]->x][[1]];
 x1=h[arg1,cd1]
      ]
},
       (* left branch *)
{ 
     (* left-left branch \[Alpha]/\[Beta] *)
If[ (Count[lg1, \[Alpha]]>=1 ||Count[lg1, \[Beta]]>=1 ),(* &&   
(Count[lg1,z_Complex]>=1||Count[lg1,x_Integer]>=1)*)
{   (* \[Alpha] branch *)
If[ Count[lg1, \[Alpha]]>=1,   (* If not then -> \[Beta] branch *)
{ 
If[Count[lg1,z_Complex]>=1||Count[lg1,x_Integer]>=1,
   pref1 = \[Alpha]*lg1[[2]];
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If[Count[lg1,d]==0,x1 = Drop[lg1,Flatten[Position[lg1,\[Alpha]]]][[3]],  
     (* Trim \[Alpha]/\[Beta] *)
     (* Now which superderivative d[]? *)
     cd1 = Count[lg1,d];
     arg1=Cases[lg1,d[x_]->x][[1]];
     x1=h[arg1,cd1]
     ], (* close which d[] branch *)
        pref1 = \[Alpha]; (* Bare \[Alpha]-case *)
        If[Count[lg1,d]==0,x1 = Drop[lg1,Flatten[Position[lg1,\[Alpha]]]][[2]],  
(* Trim \[Alpha]/\[Beta] *)
(* which d[]? *)
     cd1 = Count[lg1,d];
     arg1=Cases[lg1,d[x_]->x][[1]];
     x1=h[arg1,cd1]] (* close which d[] branch *)
   ]
   },
     {    (* \[Beta] branch *)
If[ Count[lg1, \[Beta]]>=1, (* \[Beta] branch *)
{ 
If[Count[lg1,z_Complex]>=1||Count[lg1,x_Integer]>=1,
   pref1 = \[Beta]*lg1[[2]];
   If[Count[lg1,d]==0,x1 = Drop[lg1,Flatten[Position[lg1,\[Beta]]]][[3]],  
(* Trim \[Alpha]/\[Beta] *)
(* which d[]? *)
     cd1 = Count[lg1,d];
     arg1=Cases[lg1,d[x_]->x][[1]];
     x1=h[arg1,cd1]
     ],   (* close which d[] branch-1 *)
        pref1 = \[Beta]; (* Bare \[Beta]-case *)
        If[Count[lg1,d]==0,x1 = Drop[lg1,Flatten[Position[lg1,\[Beta]]]][[2]], 
 (* Trim \[Alpha]/\[Beta] *)
 (* which d[]? *)
     cd1 = Count[lg1,d];
     arg1=Cases[lg1,d[x_]->x][[1]];
     x1=h[arg1,cd1]]] (* close which d[] branch-2 *)
      }]
        }]    (* close left-left \[Alpha]/\[Beta] branch *)
         },   (* Close bracket for *)
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  (* left-right; the NO \[Alpha]/\[Beta] case  branch *)
    pref1 = lg1[[2]];    (* no \[Alpha]/\[Beta] then this *)
     If[Count[lg1,d]==0, x1 = lg1[[3]],  (* no d[]-less symbol *)
   cd1 = Count[lg1,d];
   arg1=Cases[lg1,d[x_]->x][[1]];
   x1=h[arg1,cd1]
        ]    (* close left-right branch *)
   ]         (* close left-left branch *)
   }]       (*  close left branch bracket / close If-Times *) 
    }];     (* Close Bare symbol bracket / If option (1) *)
(*Print["@@@@@@@@"];
Print["Break", i];
Print["@@@@@@@@"];*)
(* Bare-symbol (2) *)
If[Length[lg2]==0,pref2 = 1;x2 = g[[i]][[2]](*Print[x2]*),
{ (* Close this back to here *)
 If[Count[lg2,Times]==0,  (* Power? *)
          (* right branch *)
{
 pref2 = 1 ; (* there is no d==0 scenario at this pt ?? *)
 cd2 = Count[lg2,d];      
 If[ Count[lg2,d]==1 , arg2 = lg2[[2]]; x2=h[arg2,cd2],
arg2=Cases[lg2,d[x_]->x][[1]];
 x2=h[arg2,cd2]
      ]
},
       (* left branch *)
{ 
     (* left-left branch \[Alpha]/\[Beta] *)
If[ (Count[lg2, \[Alpha]]>=1 ||Count[lg2, \[Beta]]>=1 ),(* &&   
(Count[lg2,z_Complex]>=1||Count[lg2,x_Integer]>=1)*)
{   (* \[Alpha] branch *)
If[ Count[lg2, \[Alpha]]>=1, (* \[Alpha] branch; if not then -> \[Beta] branch *)
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  { 
If[Count[lg2,z_Complex]>=1||Count[lg2,x_Integer]>=1,
   pref2 = \[Alpha]*lg2[[2]];
   If[Count[lg2,d]==0,x2 = Drop[lg2,Flatten[Position[lg2,\[Alpha]]]][[3]],  
(* Trim \[Alpha]/\[Beta] *)
(* which d[]? *)
     cd2 = Count[lg2,d];
     arg2=Cases[lg2,d[x_]->x][[1]];
     x2=h[arg2,cd2]
     ], (* close which d[] branch *)
        pref2 = \[Alpha]; (* Bare \[Alpha]-case *)
        If[Count[lg2,d]==0,x2 = Drop[lg2,Flatten[Position[lg2,\[Alpha]]]][[2]],  
(* Trim \[Alpha]/\[Beta] *)
(* which d[]? *)
     cd2 = Count[lg2,d];
     arg2=Cases[lg2,d[x_]->x][[1]];
     x2=h[arg2,cd2]] (* close which d[] branch *)
   ]
   },
     {    (* \[Beta] branch *)
If[ Count[lg2, \[Beta]]>=1, (* \[Beta] branch *)
{ 
If[Count[lg2,z_Complex]>=1||Count[lg2,x_Integer]>=1,
   pref2 = \[Beta]*lg2[[2]];
   If[Count[lg2,d]==0,x2 = Drop[lg2,Flatten[Position[lg2,\[Beta]]]][[3]],  
(* Trim \[Alpha]/\[Beta] *)
(* which d[]? *)
     cd2 = Count[lg2,d];
     arg2=Cases[lg2,d[x_]->x][[1]];
     x2=h[arg2,cd2]
     ], (* close which d[] branch-1 *)
        pref2 = \[Beta]; (* Bare \[Beta]-case *)
        If[Count[lg2,d]==0,x2 = Drop[lg2,Flatten[Position[lg2,\[Beta]]]][[2]],  
(* Trim \[Alpha]/\[Beta] *)
(* which d[]? *)
     cd2 = Count[lg2,d];
     arg2=Cases[lg2,d[x_]->x][[1]];
     x2=h[arg2,cd2]]] (* close which d[] branch-2 *)
      }]
        }]      (* close left-left \[Alpha]/\[Beta] branch *)
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 },   (* Close bracket for *)
       (* left-right. The NO \[Alpha]/\[Beta] case branch *)
     pref2 = lg2[[2]]; (* no \[Alpha]/\[Beta] then this *)
     If[Count[lg2,d]==0, x2 = lg2[[3]],(* no d[]-less symbol *)
   cd2 = Count[lg2,d];
   arg2=Cases[lg2,d[x_]->x][[1]];
   x2=h[arg2,cd2]
         ]    (* close left-right branch *)
   ]          (* close left-left branch *)
   }]        (*  close left branch bracket / close If-Times *) 
    }];      (* Close Bare symbol bracket / If option (2) *)
Signature and Summation
Clear[s];
s = Signature[x1 x2];
If[s == 1, 
{
acrew1 = Join[acrew1,{(pref1*pref2)x1**x2}];
acrew2 = Join[acrew2,{(pref1*pref2)x1\[CenterDot]x2}]
},
{
If[
StringMatchQ[ToString[Head[Subscript[[[x1,x2]], +]]], 
StringExpression["zz050AntiCommutator"]],
{acrew1 = (-1)Join[acrew1,{(pref1*pref2)x2**x1}];
acrew2 = (-1)Join[acrew2,{(pref1*pref2)x2\[CenterDot]x1}]},
{acrew1 = Join[acrew1,{(pref1*pref2)x2**x1}];
acrew2 = Join[acrew2,{(pref1*pref2)x2\[CenterDot]x1}]}
 ]
}],
(*Clear[pref1, pref2, x1, x2, lg1,lg2],*)
{i, 1 ,Length[g]}];
LTI[[p]] = acrew2;
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LI[[p]] = acrew1;
Print[p];
Print[Plus@@acrew1];
Print["@@@@@@@@@@"];
(*Print[TraditionalForm[MatrixForm[Partition[acrew1, 2]]]];*)
Print[p];
Print[Plus@@acrew2];
Print["@@@@@@@@@@"],
(*Print[TraditionalForm[MatrixForm[Partition[acrew2, 2]]]],*)
     {p, 1, Length[LTI] }
     ];
(*Length[acrew]
TraditionalForm[MatrixForm[Partition[acrew,2]]]*)
Clear[arg1, arg2, x1, x2, lg1, lg2, acrew1, acrew2, cd1,cd2,y1,g];
(***************************)
 Here goes Print Output statements 
(***************************)
Do[
Print[4*p];
Print[TraditionalForm[MatrixForm[Partition[LI[[4 p]],2]]], "    
"TraditionalForm[MatrixForm[Partition[LTI[[4 p]],2]]]];
Print["@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@@"],
{p,1, Length[LTI]/4}] 
(* Samples Output follows  *) 
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